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Abstract. We prove the (generalized) coherence conjecture of Pappas and Rapoport 
proposed in [PR3] . As a corollary, one of the main theorems in IPR4| . which de- 
scribes the geometry of the special fibers of the local models for ramified unitary 
groups, holds unconditionally. Our proof is based on the study of the geometry 
(in particular certain line bundles and ^-adic sheaves) of the global Schubert va- 
rieties, which are the (generalized) equal characteristic counterparts of the local 
models. 
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1. Introduction 

The goal of this paper is to prove the coherence conjecture of Pappas and Rapoport 
as proposed in |PR3] . The precise formulation of the conjecture is a little bit techni- 
cal and will be given in ^2.31 In this introduction, we would like to describe a vague 
form of this conjecture, to convey the ideas behind it and to outline the proofs. 

The coherence conjecture was proposed by Pappas and Rapoport in order to 
understand the special fibers of local models. Local models were systematically in- 
troduced by Rapoport and Zink in [RZj (special cases were constructed earlier by 
Deligne-Pappas [DP] and independently by de Jong [dJ]) as a tool to analyze the 
etale local structure of certain integral models of (PEL-type) Shimura varities with 
parahoric level structures over p-adic fields. Unlike the Shimura varieties themselves, 
which are usually moduli of abelian varieties, local models are defined in terms of 
linear algebras and therefore are much easier to study. For example, using local 
models, Gortz (see [GoU [Go2] ) proved the flatness of certain PEL-type Shimura va- 
rieties associated to unramified unitary groups and symplectic groups (some special 
cases were obtained in earlier works [CNl IdJl IDPj ). On the other hand, a discovery 
of G. Pappas (cf. |Paj ) showed that the originally defined integral models in |RZj 
are usually not flat when the groups are ramified. Therefore, nowadays the (local) 
models defined in |RZ j are usually called the naive models. In a series of papers 
( |PRH IPR21 IPR4| ) ■ Pappas and Rapoport investigated the corrected definition of 
flat local models. The easiest deflnition of these local models is by taking the flat 
closures of the generic flbers in the naive local models. Usually, an integral model 
defined in this way is not useful since the moduli interpretation is lost and there- 
fore it is very difficult to study the special fiber, etc (in fact a considerable part 
[PRlt IPR21 IPR4] is devoted in an attempt to cutting out the correct closed sub- 
schemes inside the naive models by strengthening the original moduli problem of 
|RZ] ). Indeed, most investigations of local models so far used these strengthened 
moduli problems in a way or another (for a survey of most progresses in this area, 
we refer to the recent paper (PRSj). 

However, as observed by Pappas and Rapoport in |PR3j . the brutal force definition 
of the local models by taking the fiat closures is not totally out of control as one 
may think. Namely, it is well-known that the special fibers of the naive models 
always embed in the affine flag varieties and that their reduced subschemes are 
union of Schubert varieties. Therefore, it is a question to describe which Schubert 
varieties will appear in the special flbers (of the flat models) and whether the special 
flbers are reduced. These questions are reduced to the coherence conjecture (see 
|PR31 |PR4] ■ at least in the case the group splits over a tamely ramifled extension), 
which characterizes the dimension of the spaces of global sections of certain ample 
line bundles on certain union of Schubert varieties. Therefore, we will have a fairly 
good understanding of the local models even if we do not know the moduli problem 
they represent, provided we can prove the coherence conjecture. 

Let us be a little bit more precise. To this goal, we need flrst recall the theory 
of affine flag varieties (we refer to N2.2l for unexplained notations and more details). 
Let fc be a field and ^ be a fiat affine group scheme of finite type over k[[t]]. Let G 
be fiber of G over the generic point F = k{{t)) = k[[t]][t~^]. Then one can define the 
affine flag variety J-ig = LG/L^G, which is an ind-scheme, of ind-finite type (cf. 
[BLU Wa\ IPR3j and §2.2p . When G is an almost simple, simply-connected algebraic 
group over A;((t)), and ^ is a parahoric group scheme of G, T£g is ind-projective and 
coincides with the affine fiag varieties arising from the theory of affine Kac-Moody 
groups as developed in [Ku^ IMa] (at least when G splits over a tamely ramified 
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extension of k((t))). The jet group L^Q acts on J^lg by left translations and the 
orbits are finite dimensional, whose closures are called Schubert varieties. When Q 
is an Iwahori group scheme of G, Schubert varieties are parameterized by elements 
in the affine Weyl group VFag of G (more generally, if G is not simply-connected, 
they are parameterized by elements in the Iwahori- Weyl group W). For w (^W, we 
denote the corresponding Schubert variety by J^iw 

Let us come back to local models. Let {G, K, {//}) be a triple, where G is a 
reductive group over a p-adic field F, with finite residue field kp, K is a parahoric 
subgroup of G and {n} is a geometric conjugacy class of one-parameter subgroups 
of G. Let E/F be the reflex field (i.e. the field of definition for {^}), with ring of 
integers Oe and residue field kp- Then for most such triples (at least when ^ is 
minuscule, cf. |PRS| for a complete list), one can define the so-called naive model 
'^^ich is an 0£;-scheme, whose generic fiber is the flag variety X{fi) of 

parabolic subgroups of Ge of type fi. Inside -^^{'^}, one defines M^^'^^^y as the flat 
closure of the generic fiber (for an example of the definitions of such schemes, see 
In all known cases, one can find a reductive group G' defined over k{{t)) and a 
parahoric group scheme Q over k[[t]], such that the special fiber 

MkZ} ■■= MIY,} ^ kE 

embeds into the afhne flag variety J^ig = LG' /L^Q as a closed subscheme, which is in 
addition invariant under the action of L^Q. In particular, the reduced subscheme of 
M!^kJji} union of Schubert varieties inside Fig. Which Schubert variety will appear 
in M.^k"Il} usually can be read from the moduli definition of -^^'j'^j- However, the 
special fiber of M^^i^^^ is more mysterious, and a lot of work has been done in 
order to understand it (we refer to |PRS| (in particular its Section 4) and references 
therein for a detailed survey of the current progress). 

Here we review two strategies to study For simplicity, we assume that 

the derived group of G is simply-connected and K is an Iwahori subgroup of G at 
this moment. In this case, Q will be an Iwahori group scheme of G' . One can attach 
{^} a subset Adm(/i) in the Iwahori- Weyl group W , usually called the ^-admissible 
set (cf. [R2) and ^2.11 for the definitions). In all known cases, it is not hard to see 

that the Schubert varieties Flw for w G Adm(/i) indeed appear in Al'^^j^}., i.e. 

uiGAdm(^) 

Now, the first strategy to determine the (underlying reduced closed subscheme of) 
the special fiber J^'k,{^} goes as follows. Write down a moduli functor M'^ which 
is a closed subscheme of ■M.^"'^^, such that 

where k is an algebraic closure oi kE- Clearly, this will imply that the reduced 
subscheme 

(1.0.1) (A^SM)-d = ^(/^)- 

In fact, almost all the previous works to describe M^^f^^^ followed this strategy. 
However, let us mention that (so far) the definitions of itself is not group 

theoretical (i.e. it depends on choosing some representations of the group G). In 
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particular, when G is ramified, its definition can be complicated. In addition, except 
a few cases, it is not known whether M'^ = ™- general. 

There is another strategy to determine A^x^j^}! proposed in |PR3] . Namely, 
let us pick up an ample line bundle C over A^^Y^j- Then since by definition M^^iti} 
is fiat over Oe with generic fiber X{ii), for n ^ 0, 

dimfc^ T{A{p),a') < dimfc^ T(MK"{^y,Cl = dim^ r(X(^), 
The general expectation (which has been verified in all known cases) that 

led Pappas and Rapoport to conjecture the following equivalent statement 

dimfc^rM(^),/:") = dimEr(x(^),£"). 

Apparently, this conjecture would not be very useful unless one can say something 
about the line bundle C. In fact, the conjecture in |PR3] is different and more 
precise. Namely, in the loc. cit., they constructed some line bundle Ci on the affine 
flag variety J-£g and some line bundle £.2 on X(n), both of which are explicit and 
are purely in terms of group theory (see N'2.31 for the precise construction) . Then 
they conjectured 

The Coherence Conjecture. For n ^ 0, 

dim^ r{A{ij),Ci) = dims T{X{ij),C^). 

In addition, in loc. cit., for certain groups, they constructed natural ample line 
bundles C on the corresponding local models, whose restrictions give Ci and £2- 

What is good for the coherence conjecture? First of all, the conjecture is group 
theoretical, i.e. the statement is uniform for all groups. The non-group theoretical 
part then is absorbed into the construction of natural line bundles on local models 
and the identification of their restrictions with the group theoretically constructed 
line bundles. This is a much simpler problem. An example is illustrated in f|8l More 
importantly, the right hand side in the coherence conjecture is defined over Oe and 
therefore, it is equivalent to prove that 

dim^r(^(^),/:?) = dim^r(x(;u),/:5). 

Observe that in the above formulation, everything is over the field k rather than 
over a mixed characteristic ring. That is, we are dealing with algebraic geometry 
rather than arithmetic! 

How can we prove this conjecture? Suppose that we can find a scheme Gig^^ (the 
reason we choose this notation will be clear soon), which is fiat over k[t], together 
with a line bundle C such that its fiber over € is {A{fi),Ci) and its fiber 
over y 7^ is {X{p),C2), then the coherence conjecture will follow. In fact, such 
Grg^^ does exist and can be constructed purely group theoretically. They are the 
(generalized) equal characteristic counterparts of local models, which we will call 
the global Schubert varieties. Let us briefly indicate the construction of Grg^^ here 
(the construction of the line bundle C, which we ignore here, is also purely group 
theoretical, see Q . For simplicity, let us assume that G' is split over k (the non-split 
case will also be considered in the paper). Let B he a Borel subgroup of G'. Then in 
[G] , Gaitsgory (following the idea of Kottwitz and Beilinson) constructed a family 
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of ind-scheme Gig over A , which is a deformation from the affine Grassmannian 
Gr^/ of G' to the affine flag variety J^ic' of G' . By its construction, 

Gvg 1g„ = (Grc' xG'/B)x G J, Grg |o = Tlc' ■ 

When fi is minuscule, the Schubert variety Gr^ corresponds to fi in Gr^j/ is in fact 
isomorphic to X{^). In addition, we can" spread it out" over GfYi^ as (Gr^ x x G^^^ 
to get a closed subscheme of Grg\(s^, where * is the base point in G' /B. Now define 
Gig^^ as the closure of (Gr^ x *) x Gm inside Grg. By definition, its fiber over y ^ 
is isomorphic to X{fj,). On the other hand, it is not hard to see that A{fJ,) C Grg^^|o 
(cf. Lemma fS.Sp . Therefore, the coherence conjecture will follow if we can show that 
G^g,^J.\o = (and if we can construct the corresponding line bundle). 

At the first sight, it seems the idea is circular. However, it is not the case. The 
reason, as we mentioned before, is that Grg^^ now is a scheme over k and we have 
much more tools to attack the problem. Observe that to prove that Grg^^|o = A{ij,), 
we need to show that 

(1) (Grg_^|o)red = -^(a*) (Theorem [3JD ; 

(2) Grg^^lo is reduced (Theorem I3.10p . 

Part (1) can be achieved by the calculation of the nearby cycle = ^q^^ (Q^) of 

the family Gig^^ (see Lemma [7.ip . Usually, this is a hard problem. The miracle here 
is that if is regard as an object in the category of Iwahori equivariant perverse 
sheaves on J-^c'i it has very nice properties. Namely, by the main result of [G] (in 
the case when G' is split), Z^ is a central sheaf, i.e. for any other Iwahori equivariant 
perverse sheaf T on Tic-, the convolution product Z^-kT (see (|7.1.ip - (j7.1.2p for the 
definition) is perverse and 

Z^.'kT = F-kZ^. 

Then by a result of Arhkipov-Bezrukavnikov [ABl Theorem 4], the above properties 
put a strong restrictions of the support of Z^, which will imply Part (1). We shall 
mention that although we assume here that G' is split, the same strategy can be 
applied to the non-split groups. This is done in f|7l where we generalize the results 
of [G] and [ABj to ramified groups as well. Our arguments are simpler than the 
originally ones in [G ] I ABj . and will have the following technical advantage. As we 
mentioned above, Grg^^ should be regarded as the equal characteristic counterparts 
of local models. Therefore, it is natural (and indeed important) to determine the 
nearby cycles ^ j^^ioc^ ^ {Q.t) for the local models. For example, if one could prove that 

these sheaves are also central (the Kottwitz conjectur^, then one could conclude 
(11.0. ip directly. It turns out the arguments in ^ have a direct generalization to the 
mixed characteristic situation and in a joint work with Pappas [PZj . we use it to 
solve the Kottwitz conjecture (some previous cases are proved by Haines and Ngo 

m)- 

Now we turn to Part (2), which is more difficult. The idea is that we can assume 
char A; > and use the powerful the technique of Frobenius splitting (cf. |MR] ) . To 
prove that Grg_^|o is reduced, it is enough to prove that it is Frobenius split. To 

achieve this goal, we embeds Grg.^ into some larger scheme Gr^^^ ^^ over A^, which 

^In the main body of this paper, we will work with a different family so that this extra G' / B 
factor does not appear. 

*^In fact, the Kottwitz conjecture is weaker than this statement, and its significance lies in the 
Langlands-Kottwitz method to calculate the Zeta functions of Shimura varieties. 
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is a closed subscheme of a version of the Beilinson-Drinfeld Grassmannian. The 
scheme Gig ^ x is normal and its fiber over is reduced. Then to prove that 

Grg,^|o = Grg^^ n Gr^^^ ;^|o 



is Frobenius split, it is enough to construct a Frobenius splitting of Gr^^^ ^^, com- 

BD 

patible with Grg_^ and Grg^^ ;^|o. Since Grg^^ is normal, we can prove this just for 
some nice open subscheme U C Gig^^x^ such that Grg^^;^ — U has codimension two. 
In particular, the open subscheme U will not intersect with Grg^^lo, which is of our 
primary interest! Section [6] is devoted to realizing this idea. 

Now let us describe the organization of the paper and some other results proved 
in the paper. 

In ^ we review the coherence conjecture of Pappas and Rapoport. In §2.11 
we review some of basic theories of reducitve groups over local field and introduce 
various notations used in the rest of the paper. In §2.2|, we rapidly recall the main 
results of [PR3j (and |Fa| ) concerning the loop groups and the geometry of their flag 
varieties. In §2.31 we state the main theorems ( Theorem [T] and [2]) of our paper, which 
are the modified version of original coherence conjecture of Pappas and Rapoport 
(see Remark 12.11 for the reason of the modification). 

In ^ we introduce the main geometrical object we are going to study in the 
paper, namely, the global Schubert varieties. They are varieties projective over the 
affine line , which are the counterparts of local models in the equal characteristic 
situation. In ^3.11 we define the global affine Grassmannian over a curve for general 
(non-constant) group schemes. After the work of jPR31 lPR5l IHe| . this construction 
is now standard. In ^3.2| we construct a special Bruhat-Tits group scheme over 
A^, i.e. a group scheme which is only ramified at the origin. Let us remark similar 
constructions are also considered in [HNYl iRi] . In ^3.31 we apply construction of 
the global affine Grassmannian to the group scheme we consider in the paper. We 
introduce the global Schubert variety Grg^^ associate to any geometrical conjugacy 
class of 1-parameter subgroup /x of G. We state another main theorem (Theorem 
[3]) which asserts that the special fiber of Grg^^ is (fi), and show that the variety 
(iJ.) is contained in it (Lemma l3.8p . In ^jU we explain that our assertion about the 
special fiber of Grg^^ is equivalent to the coherence conjecture. The key ingredient 
is a certain line bundle on the global affine Grassmannian, namely, the pullback of 
the determinant line bundle along the closed embedding 

Grg GrLie(g). 

We calculate its central charges at each fiber (which turn out to be twice of the dual 
Coxeter number) and find the remarkable fact that the central charge of line bundles 
on the global affine Grassmannians are constant along the curve (Proposition 14. ip . 

In ^ we make some preparations towards the proof of our main theorem. We 
study two basic geometrical structures of Grg^^: (i) in ^5.21 we will construct certain 
affine charts of Grg.^, which turn out to be isomorphic to affine spaces over C; and 
(ii) in ^5.31 we will construct a Gm-action on Grg^^, so that the map Grg^^ ^ C is 
Gm-equivariant, where G^ acts on (7 = A^ by natural dilatation. To establish (i), 
we will need to first construct the global root subgroups of CG as in §5.1[ 

The next two sections are then devoted to the proof of the theorem concerning 
the special fiber of Grg^^, as been already outlined as above. The first part of 
the proof, presented in ^ concerns the scheme theoretical structure of the special 
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fiber. Namely, we prove that it is reduced. This is achieved by the technique of 
Frobenius spUtting. As a warm up, we prove in ^6.11 that Theorem [1] is a special 
case of Theorem [2l which should be well-known to experts. Then we introduce 
the Beilinson-Drinfeld Grassmannian and the convolution Grassmannian and reduce 
Theorem 13.101 to Theorem 16.101 In ^6.31 we prove a special case of Theorem 16.101 
by studying the affine flag variety associated to a special parahoric group scheme. 
Recall that a result of Beilinson-Drinfeld (cf. [BD^ §4.6]) asserts that the Schubert 
varieties in the affine Grassmannian are Gorenstein. We examine in N6.3I that to 
what extend this result holds for ramified groups (i.e. reductive groups split over 
a ramified extension). It turns out this result extends to all affine flag varieties 
associated to special parahorics except the case the special parahoric is a parahoric 
of the ramified odd unitary group SU2n+i, whose special fiber has reductive quotient 
S02n+i (Theorem I6.13p . In this exceptional case, no Schubert variety of positive 
dimension in the corresponding affine flag variety is Gorenstein (Remark 16. 2p . In 
^ we give the second part of the proof, which asserts that topologically, the special 
fiber of Grg^^ coincides with A'^{fi). This is achieved by the description of the 
support of the nearby cycle (for the intersection cohomology sheaf) of this family. 
In the case when the group is split, this follows the earlier works of JG] and [ABj . 
In §7. It we generalize their results to ramified groups, with certain simplifications 
of the original arguments. In H7.2\ we study the monodromy of this nearby cycle. 
This is not needed for the main results of the current paper. But it is expected to 
have important applications elsewhere. 

The paper has two appendices. The first one, ^ calculates the line bundles on 
the local models for the ramified unitary groups. The study of these local models are 
the main motivation for Pappas and Rapoport to make the coherence conjecture. 
Since their original conjecture is not as stated in our main theorem, we explained in 
this appendix why our main theorem is correct for the applications to local models. 
The second appendix (^ contains certain algebro-geometrical constructions used 
in the main body of the paper. 

Notations. Let A; be a field, and fix k be an algebraic closure of k. We will denote 
C k the separable closure oi k in k. 

Let X be a y-scheme and V ^ Y he a morphism, the base change X xy V is 
denoted by Xy or X\v- If ^ = Speci?, it is sometimes also denoted by Xr. If 
V = X = SpecA; is a point, then it is sometimes also denoted by {X)^. 

Let V be a vector bundle on a scheme V, then we denote det(V) to be the top 
exterior wedge of V, which is a line bundle. 

If A is an affine algebraic group (not necessarily a torus) over a field k, we denote 
X*(^) (resp. X,(A)) to be its character group (resp. cocharacter group) over A;*. 
The Galois group F = Gal{k^/k) acts on X*(A) (resp. X,(yl)) and the invariants 
(resp. coinvariants) are denoted by X*( A) ^ (resp. X*(A)r, X,(j4)'", X,(j4)r). 

Let ^ be a flat group scheme over V, the trivial (/-torsor (i.e. G itself regarded 
as a ^-torsor by right multiplication) is denoted by For a t?-torsor £, we use 
ad £ to denote the associated adjoint bundle. If 7^ is a torsor and X is a scheme 
over V with an action of G, we denote the twisted product hy V X, which is the 
quotient oi V Xy X hy the diagonal action Q. 

Let G be a reductive group over a field. We denote Gder to be its derived group, 
Gsc to be the simply-connected cover of Gdcr and Gad to be the adjoint group. 

Acknowledgement. The author thanks D. Gaitsgory, G. Pappas, M. Rapoport, 
J.-K. Yu for useful discussions, and G. Pappas and M. Rapoport for reading an early 
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draft of this paper. The work of the author is supported by the NSF grant under 
DMS-1001280. 

2. Review of the local picture, formulation of the conjecture 

2.1. Group theoretical data. Let k be an algebraically closed field. Let O = k[[t]] 

and F = k([t)). Let T = Gal{F^ / F) be the inertial (Galois) group, where is the 
separable closure of F. Let us emphasize that we choose a uniformizer t. Let G be 
a connected reductive group over F. In this paper, unless otherwise stated, we will 
assume that G splits over a tamely ramified extension F/F. 

Let 5 be a maximal F-split torus of G. Let T = Zg{S) be the centralizer 
of S in G, which is a maximal torus of G since G is quasi-split over F. Let us 
choose a rational Borel subgroup B D T. Let H he a split Chevalley group over 
Z such that H F'^ = G F'^. We need to choose this isomorphism carefully. 
Let us fix a pinning {H,Bh,Th,X) of H over Z. Let us recall that this means 
that Bh is a Borel subgroup of H, Th is a split maximal torus contained Bh, and 
X = SagA-^a £ Liei?, where A is the set of simple roots, Ua is the root subgroup 
corresponding to a and Xa is a generator in the rank one free Z- module LieC/a. 
Let us choose an isomorphism {G,B,T) (>^f F = {H, Bh,Th) F, where F/F 
is a cyclic extension such that G F splits. This induces an isomorphism of the 
root data (X'{Th), A,X,{Th), A"^) ^ (X'(T), A, X.(T), A^). Let E be the group 
of pinned automorphisms of {H, Bh, T}{,X), which is canonically isomorphic to the 
group of the automorphisms of the root datum (X*(Th'), A, X,(Tf/), A^). 

Now the action of / = Gal{F/F) on G®f F induces a homomorphism ijj : I ^ E. 
Then we can always choose an isomorphism 

(2.1.1) {G,B,T)^pF^{H,Bh,Th)^zF 

such that the action of 7 G / on the left hand side corresponds to ipi'y) ® 7. In 
the rest of the paper, we fix such an isomorphism. This determines a point vq in 
A{G,S), the apartment associated to {G,S) ( |BTlj )R. This is a special point of 
A{G, S), which in turn gives a parahoric group scheme Q^^ over O, namely 

(2.1.2) g,, := {{Reso-foiH ® Op)ff. 

Let us explain the notations. Here Res stands for the Weil restriction, so that 
KesQ^/c>{H ® Op) is a smooth group scheme over O (cf. [Ed, 2.2]), with an action 

of r. The notation (— )'" stands for taking the L-fixed point subscheme. Under our 
lameness assumption, Q^^ := {J{,esQ-^iQ{H®Op)Y is smooth by {Ed] 3.4]. Finally, 

{—)^ stands for taking the neutral connected component. I.e., Q^q and Qy^^ have the 
same generic fiber and the special fiber of Q^q is the neutral connected component 
of the special fiber of Q^^^ . 

Recall that A{G^ S) is an affine space under X,(5')]r. For every facet a C A{G^ 5), 
let Qa be the parahoric group scheme over O (in particular, the special fiber of Qr^ 
is connected). Let G be the alcove in A(G, S), whose closure contains the point wq, 
and is contained in the finite Weyl chamber determined by the chosen Borel. This 
determines a set of simple affine roots Oj, « G S, where S is the set of vertices of the 
affine Dynkin diagram associated to G. 



More precisely, uo is a point in the apartment associated to the adjoint group (Gad, Sad)- But 
since in the paper, we only use the combinatoric structures of A{G,S), we will not distinguish it 
from the one associated to the adjoint group. 



ON THE COHERENCE CONJECTURE OF PAPPAS AND RAPOPORT 



9 



Let W be the Iwahori-Weyl group of G (cf. [HRj ) . which acts on A{G,S). This 
is defined to be A/'G'(5')(F)/ker k, where 

(2.1.3) K : T{F) X,(T)r 

is the Kottwitz homomorphism (cf. \Ko\ §7]). One has the fohowing 

(2.1.4) 1 ^ X,(r)r ^Wo^l, 

where Wq is the relative Weyl group of G over F. In what foUows, we use t\ to 
denote the translation element in W given by A G X,(T)r from the above map 
()2.1.4[ ^. But occasionally, we also use A itself to denote this translation element if 



no confusion is likely to arise. The pinned isomorphism (j2.1.ip determines a set of 
positive roots = ^{G,S)^ for G. There is a natural map X,(T)r — > X,(5)ir- 
We define 

(2.1.5) X,(r)+ = {A I (A, a) > for a G 

A choice of a special vertex (e.g. the point vq) of A{G, S) gives a splitting of the 
exact sequence and, therefore we can write w = t\Wf for A G X,(r)r and wj ^ Wq. 

Let Waff be the affine Weyl group of G, i.e. the Iwahori-Weyl group of Gsc, which 
is a Coxeter group. One has 

l^X.(rsc)r^ Waff ^ Wo ^1, 

where T^c is the inverse image of T in G^c- One can write W = Waff x ^2, where Vt 
is the subgroup of W that fixes the chosen alcove G . This gives W a quasi Coxeter 
group structure, and it makes sense to talk about the length of an element w 
and there is a Bruhat order on W. Namely, if we write wi = w[ti,W2 = W2T2 with 
w'j^ G Waff,Tj G ri, then £{'Wi) = i{w'^) and wi < W2 if and only if ti = T2 and 
w[ < A lot of combinatorics of the Iwahori-Weyl group arises from the study of 
the restriction of the length function and the Bruhat order to X,(r)r C W. Some 
of them will be reviewed in Lemma 12.1112.21 

Now let us recall the definition of the admissible set in the Iwahori-Weyl group. 
Let W be the absolute Weyl group of G, i.e. the Weyl group for {H,Th). Let 
H : (Gm) ^ — > G (8) F be a geometrical conjugacy class of 1-parameter subgroup. It 
determines a W-orbit in X,(r). One can associate n a Wo-orbits A in X,(T)r as 
follows. Choose a Borel subgroup of G containing T, and defined over F. This gives 
a unique element in this W-orbit, still denoted by /U, which is dominant w.r.t. this 
Borel subgroup. Let fl be its image in X,(r)r, and let A = Wofl. It turns out A 
does not depend on the choice of the rational Borel subgroup of G, since any two 
such F-rational Borels that contain T will be conjugate to each other by an element 
in Wq. For ^ G X,(T), define the admissible set 

(2.1.6) Adm(//) = {w e W \ w < tx, for some A G A}. 

Under the map X,(r)r ^ W — )• W/Was = ^, the set A maps to a single element 
(cf. [K2\ Lemma 3.1]), denoted by r^. Define 

Adm(^)° = T^^Admifi). 

For y C S any subset. Let W^ denote the subgroup of Waff generated by {ri,i G 
S — Y}, where is the simple reflection corresponding to i. Then set 

Adm^(/u) = W^Adm(;u)W^ C W, 



^Note that under the sign convention of the Kottwitz homomorphism in [Ko] . tx acts on X, (5)1 
by u n- u — A. 
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and 

Adm^(^)° = T-^Adm^(/u). 

Note that Adm^(^)° C Waff- 

Let Gad be the adjoint group of G. Then the above construction apphes to Gad- 
Therefore, for each G X,(rad) (where Tad is the image of T in Gad), one can 
associate a Wo-orbit Aad G ^•(T'ad)r and Adm^(/x) € Wad- 

We recall a few combinatorics about the Iwahori-Weyl group which will be used in 
the sequel. They are well-known in the case G is split, and are extended to ramified 
groups by Richarz [Ri] . 

Let 2/3 be the sum of all positive roots (for H). Observe that given ^ € X,(T)r, 
we have (/i, X]aG<i)+ ^) = (/^' "^P) ^r any of its lift /2 G X,{T). By abuse of notation, 
we denote this number by (/i, 2p). 

Lemma 2.1. Let ji G X,(r)j!:. 

(1) Let A C X,(T)r he the subset associated to as above. Then for all z/ G A, 
i{t,) = {2p,i^). 

(2) e{t^wf) = i{t^) + e{wf). 

Proof. See [Rij formula (1-9) and Corollary 1.8. Note that the same statement 
of (2) in [Ri] holds for anti-dominant element rather than the dominant element 
as stated here. The reason is due to the different normalization of the Kottwitz 
homomorphism. See Footnote [H □ 

On the finitely generated abelian group X,(T)r, there are two partial orders. One 
the the restriction of the Bruhat order on W, denoted as " < ". The other, denoted 
by " ^ ", is defined as follows. Recall that the lattice X,(Tsc) is the coroot lattice 
for H. This Galois group T acts on X,(rsc) which sends the positive coroots of H 
(determined by the pinning) to positive coroots. Therefore, it makes sense to talk 
about positive elements in X,(Tsc)r- Namely, A G X,(Tsc)r is positive if its preimage 
in X,(rsc) is a sum of positive coroots (of {H,Th)). Since X,(rsc)r C X,(r)r, we 
can define A ^ /Li if // — A is positive in X,(rsc)r- On the other hand, there is the 
Bruhat order in W defined by the alcove G. We have the following proposition. 

Lemma 2.2. Let X,IjlG X,(r)p. Then X ^ p if and only if tx < t^ in the Bruhat 
order. 

Proof. In the case that G is split, the proof is contained in [R2, Proposition 3.2, 
3.5]. The ramified case can be reduced to the same proof as shown in [Ri, Corollary 
1.8]. □ 

2.2. Loop groups and their flag varieties. Let a C A{G, S) be a facet. Let 

Ti„ = LG/L+g^ 

be the (partial) flag variety of LG. Let us recall that LG is the loop group of G, which 
represents the functor which associates to every fc-algebra R the group G{R{{t))), 
L^Qu is the path group of Ga, which represents the functor which associates to every 
fc-algebra R the group ^(j(-R[[i]]), and Ti^ = LG/L'^Q^j is the fppf quotient. Let us 
also recall that LG is represented by an ind-affine scheme, L~^Qu is represented by 
an affine scheme, which is a closed subscheme of LG, and Tia- is represented by an 
ind-scheme, ind-projective over k. Denote B = L^Qc the Iwahori subgroup of LG, 
and denote J-lc by J-(., which we call the affine flag variety of G. If G splits over F, 
so that G = H ^ F, then the special vertex vq is hyperspecial, and corresponds to 
the parahoric group scheme (g) /c[[t]]. Then we denote Tivo by Gich and call it the 
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affine Grassmannian of H. Let y C S be a subset, and cry C A{G, S) be the facet 
such that aj(fTy) = for i ^ S — Y . Observe that cis = C is the chosen alcove. We 
also denote J-iay- by J-'i^ for simplicity. 

Let us recall that i?-orbits of J-i are parameterized by W. In general, the L^Qay' 
orbits of Fi^ are parameterized by \ W /W^\ where is the Weyl group of 
Q(TY ® k. For w G W, let ^Ti^ C denote the corresponding Schubert variety, 
i.e. the closure of the L^^o-y-orbit through w. If 1" = Y' , then we simply denote 
it by Til. If G is split, and Q = H (g) k[[t]] is a hyperspecial model, recall that 
L"'"^-orbits of Gih are parameterized by 1^ \ W /W = X,(T)"'", the set of dominant 
coweights of G. For /u E X,(T)+, let Gr^ be the corresponding Schubert variety in 
Gri^. 

Let us recall the following result of [Faj IPR3] . 

Theorem 2.3. Letp = char /c. Assume thatp\ |vri(Gder)|) where Gdor is the derived 
group of G. Then the Schubert variety J-l^, is normal, has rational singularities, 
and is Frohenius- split if p > 0. 

For /i G X.(r), let 

A^^.r = u 

iDGAdm^{/i)° 

where uyo = T^"'^(o"y), and where ^°-7^^^^u> is the union of Schubert varieties (more 
precisely, the closure of L+C/o-yo -orbits) in the partial affine flag variety = 
LGsc/L'^Qay Then is a reducible subvariety of with irreducible com- 

ponents 

When p\ |7ri(Gdcr)|5 it is also convenient to consider 

toGAdm^(/^) 

Choosing a lift g G G{F) of € and identifying Tl^f. with the reduced part 
of the neutral connected component of J-£^ (see |PR3[ §6]), we can define a map 
•^^sc ~^ ^ X 1-4- gx. Clearly, this map induces an isomorphism {^)° = {^). 

In particular, if G = H F is split and cry = vq is the hyperspecial vertex 
corresponding to H ® O, then ^^(/u)° is denoted by Gr<^, so that if pf |vri(Gder)|) 
then we have the isomorphism Gr<^ = Gr^. 

We also need to review the Picard group of J-i. For simplicity, we assume that 
G is simple, simply-connected, absolutely simple. In this case J-£ is connected. For 
each i G S, let Pi be the corresponding parahoric subgroup containing B so that 
Pi/B = P^. This maps naturally to J^i via Pi — > LG, and the image will be 
denoted as Fj. Then it is known ( |PR3l §10]) that there is a unique line bundle 
C{ei) on J^i, whose restriction to the P^^ is C'pi(l), and whose restrictions to other 
Pjs with j ^ i is trivial. Then there is an isomorphism 

Pic(J-£)^0Z£(e,). 

ies 

Let us write ®iC{ei)'^^ as Ci^^Uiei). As explained in loc. cit., ej can be thought as 
the fundamental weights of the Kac-Moody group associated to LG, and therefore, 
Pic(J-"^) is identified with the weight lattice of the corresponding Kac-Moody group. 
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There is also a morphism 

(2.2.1) c : Pic{T£) Z 

called the central charge. If we identify C G Pic{J-£) with a weight of the corre- 
sponding Kac-Moody group, then c(£) is just the restriction of this weight to the 
central in the Kac-Moody group. Explicitly, 

(2.2.2) c{C{e,)) = a/, 

where a^{i € S) are defined as in [Kac' §6.1]. The kernel of c can be described as 
follows. Let s denote the closed point of SpecO, and let {Gc)s denote the special 
fiber of Qc- Recall that for any fc-algebra R, Fi{R) represents the set of Qc torsors 
on Specii[[t]] together with a trivialization over Speci?((i)). Therefore, by restriction 
of the ^c-torsors over Speci? C Speci?[[t]], we obtain a natural morphism Tl — )• 
M{Qc)s (here M{Qc)s is the classifying stack of {Qc)s), which induces 'K'{{Qc)s) — 
V\c{E>{Qc)s) Pic(J-'^). We have the short exact sequence 

(2.2.3) ^ X'((^c)s) ^ Vic{T£) 4 Z ^ 0. 

Now let y C S be a non-empty subset. Observe that if riiei) is a line bundle 
on Tl, with nj = for i € S — y, then this line bundle is the pullback of a unique 
line bundle along T£ — )• Fd^ , denoted by i^i^y "^i^i)- t'^is way, we have 

Pic(.F^^) ^ 0Z£ei. 

The central charge of a line bundle C on J^(^ is defined to be the central charge of 
its pullback to J-£, i.e. the image of C under Pic(7'^^) ^ Vic{Tt) 4 Z. Observe 
that i^i^Y ^i^i) is ample on J^£^ if and only if nj > for all i G y. 

In the case G = H ® F is split, the central charge map induces an isomorphism 
c : Pic(Gr/f) = Z. We will denote £b the ample generator of the Picard group of 
Gvh- Observe that, for Y = {%} not special, the ample generator of Vic{F(^) has 
central charge a( , which is in general greater than one. That is, the composition 
Pic(J-'^^) Pic(J-'^) 4 Z is injective but not surjective in general. 

2.3. The coherence conjecture. Now we formulate the coherence conjecture of 
Pappas and Rapoport. However, the originally conjecture, as stated in loc. cit. 
needs to be modified (see Remark 12. ip . 

Assume that G is simple, absolutely simple, simply-connected and splits over 
a tamely ramified extension F/F. Let /i be a geometrical conjugacy class of 1- 
parameter subg roups (Gm) p — ^ Gq_(\(Si F . First assume that fi is minuscule. Let Pi^ii) 
be the corresponding maximal parabolic subgroup of H, and let X{^) = H/P{fi) be 
the corresponding partial flag variety of H. Let >C(/u) be the ample generator of the 
Picard group of X{^). Then define 

V(a) = dimFO(X(^),/:(^)"). 

li II = fii + ■ ■ ■ + Hn a sum of minuscule coweights, let /i^ = /i^^ • • • h^^ . The 
following is the main theorem of this paper, which is a modified version of the 
original coherence conjecture of Pappas and Rapoport in |PR3j . 

Theorem 1. Let fj, = fii + ■ ■ ■ + fj.n be a sum of minuscule coweight, then for any 
y C S, and ample line bundle C on F£^ , we have 

dim H\A^ifiy,C'') = h^{c{C)a), 

where c{C) is the central charge of C. 
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This theorem is a consequence of the following more general theorem. 

Theorem 2. Let fi G X,(Tad). Then for any Y C S, and ample line bundle C on 
, we have 

dim H^{A^{fiy,C) = dimH°{GT<^,j:l'-'^^)- 

Since Theorem [T] is not the same as what Pappas and Rapoport originally con- 
jectured, and their conjecture is aimed at studying the local models of Shimura 
varieties, we will explain why this is the correct theorem for applications to local 
models in ^ Let us remark that if G is split of type A or C, Theorem [T] is proved 
in |PR3j . using the previous results on the local models of Shimura varieties (cf. 
|Golt [Go2| IPR2j ). However, it seems that Theorem [2] is new even for symplectic 
groups. 

One consequence of our main theorem (see ^ is that 

Corollary 2.4. The statement of Theorem 0.1 in |PR4] holds unconditionally. 

Our main theorem can be also applied to local models of other types (for example 
for the (even) orthogonal groups) to deduce some geometrical properties of the 
special fibers. This will be done in [PZj . 

Remark 2.1. The original coherence conjecture in |PR3| needs to be modified. This 
is due to a miscalculation in jPR31 lO.a.l]. Namely, when G is simply-connected, 
the affine fiag variety of G (denoted by temporarily) embeds into the affine fiag 
variety of H (denoted by J-h temporarily). Therefore there is a restriction map 
Pic(J^j7) — )• Y'\c{Tg), which was described explicitly in loc. cit.. It turns out that 
there was a mistake in the calculation. However, once the calculation is restored, 
the coherence conjecture should be modified as the above form. Let us remark that 
the same miscalculation led an incorrect example in ^Hej Remark 19 (4), and an 
incorrect statement in the last sentence of the first paragraph in p. 502 of loc. cit. 
(see Proposition 14. ip . 

3. The global Schubert varieties 

Theorem [2] will be a consequence of the geometry of the global Schubert varieties, 
which will be introduced in what follows. Global Schubert varieties are the function 
field counterparts of the local models. 

3.1. The global afRne Grassmannian. Let C be a smooth curve over k, and Q 
be a smooth affine group scheme over C. Let Gxg be the global affine Grassmannian 
over G . Let us recall the functor it represents. For every /c-algebra R, 

y : Speci? — )■ C, if is a t?-torsor on C/j, 1 
(3 : £\cji-ry — S^lcn-Fy is a trivialization J ' 



(3.1.1) Gi-giR) = {{y,S,f3) 



where Ty denotes the graph of y. This is a formally smooth ind-scheme over G. 
We also have the jet group C^G of Q. For any /c-algebra R, 

(3.1.2) £+g{R) = [{y,(3) \ y : SpecR ^ G, l3 G gity)}. 

where F^ is the formal completion of Gr along F^. This is a scheme (of infinite type) 
formally smooth over G. 

Before we proceed, let us make the following remark about Ty. By definition, this 
is a formal affine scheme, and let A be its coordinate ring. Let F^^ = Spec^. Then 
there are natural maps tt : F^ — > Gr and i : F^ — > F^. In, [BD^ §2.12], the following 
result is explained. 
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Proposition 3.1. There is a unique map p :T'y ^ Cr such that pi = vr. 

In our paper, we will soon specialize to the case C = = SpecA;[t;] so that 
y : Speci? ^ C is given hy v i-^ y £ R and therefore Ty = SpecR[v]/{v — y) and 
T'y = Speci?[[?i;]] and the map p : — )• Cr is given hy v ^ w + y. Therefore, we 
do not need the result in loc. cit.. In what follows, we will not distinguish Ty and 
T'y and denote both by Ty (this will not cause any problem). However, we define 

Ty = Ty — Ty. In the case C = A^, it is just SpecR{{w)) = SpecR[[w]][w~^]. 

We can define CG to be the loop group of Q. Let us recall that it represents the 
functor to associate every A;-algebra R, 

(3.1.3) CQiR) = {{y,l3) \ y : Speci? ^ C, /3 G g{ty) } . 

This is a formally smooth ind-scheme over C. 

Let us describe the fibers of Cg,C^g, Grg over C. Let x G C be a closed point. 
Let Ox denote the completion of the local ring of C at x and be the fractional 
field. Then 

{Cg)x - HGfJ, (C+g)^ - ^+(^oJ, (Grg). - Grg^^ := L{gFj/L+{goJ. 

Strictly speaking, we do not need the following remark in the sequel. However, it 
helps us clarify the proof of Proposition 13.51 

Remark 3.1. Let / : ^ — t- ^' be two smooth group schemes over C such that 
g\c-{x} — S'\c-{x}- Then clearly the natural morphism Cf : Cg — )• Cg' will induce 
isomorphisms ^g\c~{x} — -^^Ic-jx} and {Cg)x = [Cg')x- However, the morphism 
Cf itself is not necessarily an isomorphism. 

The groups Cg and C^g naturally act on Grg. To see this, let us use the descent 
lemma of Beauville-Laszlo (sec [BL2] , or rather a general form of this lemma given 
in [BDl Theorem 2.12.1]) to represent 



Lemma 3.2. The natural map 

Grg(i?)^ |(y,f,/3) 
is a bijection for each R. 



y : Speci? — t- C, £" is a g-torsor on 

Ty, P : £\i = £^\i is a trivialization ( 



Then Cg and C^g act on Grg by changing the trivialization The trivial g- 
torsor gives Grg C a section e. Then we have the projection 

(3.1.4) pv : eg eg ■ e = Gig. 

We need the following lemma in the sequel. 

Lemma 3.3. The formations of Gig, Cg , C^g commute with any etale base change, 
i.e. if f : C ^ C is etale, then Grg Xc C = Grgx^d stc. In addition, the action 
of eg on Gig also commutes with any etale base change. 

Proof. We have the following observation. Let y' : Speci? — )• C' be an i?-point of C' 
and f{y) : Speci? ^ C be the corresponding i?-point of C. Clearly, as the formal 
schemes, Ty' — ?> Ty is etale which restricts to an isomorphism along Ty/ — ?> Ty. 
Therefore, Ty/ = Ty as formal schemes. In particular, their coordinate rings are 

isomorphic. That is Ty/ = Ty as schemes, which induces Ty/ = Ty. The lemma 
clearly follows. □ 
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3.2. The group scheme. We will be mostly interested in the case that ^ is a 
Bruhat-Tits group scheme over C. Let us specify its meaning. Let r] denote the 
generic point of C, and for y a closed point of C, let Oy denote the completion of 
the local ring of C at y and Fy be the fractional field. Then a smooth group scheme 
Q over C is called a Bruhat-Tits group scheme if Qr^ is (connected) reductive, and 
for any closed point y of C, Qoy is a parahoric group scheme of Qpy- 

Now let us specify the Bruhat-Tits group scheme that will be relevant to us. Let 
Gi be an almost simple, absolutely simple and simply-connected, and split over a 
tamely ramified extension F / as in the coherent conjecture. Then we can assume 
that F/F is cyclic of order e = 1,2,3. Let 7 be a generator of F = Gal{F/F). For 
technical reasons, which is apparent from the statement of Theorem 12. 3| we need 
the following well-known result. 

Lemma 3.4. There is a connected reductive group G over F, which splits over F/F, 
such that GdcT — Gi and X,(T) — > X,(Tad) is surjective. Here T is a maximal torus 
of G as in gOl 

For example, if Gi = SL„ or Sp2„, then G can be chosen as GL^ and GSp2„ 
respectively. 

We let {H,Th) be a split group with a maximal torus over Z, together with an 
isomorphism (G, T) iSip F = (H, Th) (8> -F as in ^2.11 Let C be the chosen alcove in 
A{G, S), and let y C S as before. Let [e] : — )• be the ramified cover given by 
y y^. To distinguish these two A^s, let us denote it as [e] : (7 — >■ G. The origin 
of G is denoted by and the origin of C is denoted by 0. Write C = G — {0} and 

G = G — {0}. Observe that F acts on H x G naturally. Namely, it acts on the first 
factor by pinned automorphisms, and the second by transportation of structures. 
Let 

g = (Resc/ciH X C)f. 

Then Qp^ = G after choosing some Fq = F. Now, replace Qoo by Gay^ 'we get a 
group scheme Q over C, satisfying 

(1) is connected reductive, splits over a tamely ramified extension, with con- 
nected center, such that {Gr])dcr is simple, absolutely simple, and simply- 
connected; 

(2) For some choice of isomorphism Fq = F,Qfq — G; 

(3) For any y ^ 0, Goy is hyperspecial, (non-canonically) isomorphic to H ®Oy; 

(4) Goq = Gay under the isomorphism Gfq = G. 

Let us mention that similar group schemes have been constructed in |HNY1 iRi] . 
For this group scheme G, we know that the fiber of Org over y ^ is isomorphic 
to the affine Grassmannian Gth of and the fiber over is isomorphic affine fiag 
variety J-^ of G. Likewise, the fiber of C'^G over y 7^ is isomorphic to L~^H and 
the fiber over is isomorphic to L'^Gay 

Let T be the subgroup scheme of G-, such that 

(1) 7^ is a maximal torus of Gri'-, 

(2) For any y ^ 0, Toy is a split torus; 

(3) Tfo is the torus T and Too is the connected Neron model of Tfq- 
We can construct T as follows. Let 

(3.2.1) r = (Res^/^(rH X C)f. 

This is the global Neron model of %j (cf. |BLR] ). Let T be its neutral connected 
component. 
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In several places in the paper, we also need to extend ^ to a Bruhat-Tits group 
scheme over the complete curve C = C U {00} = P^. The natural choice is tak- 
ing the neutral connected component of (Res^^^{H x C))^ and modify it over Oq 
appropriately. 

3.3. The global Schubert variety. It turns out that it is more convenient to base 
change everything over C to C. Let u (resp. v) denote a global coordinate of C 
(resp. C) such that the map [e] : C — >■ C is given by u 1— )• v^. Recall that G C{k) 
(resp. G C{k)) is given by u = (resp. u = 0). The crucial step toward the 
construction of the global Schubert varieties is the following proposition. 

Proposition 3.5. For each fi € X,(7^) = X,(Th'), there is a section 

s^:C ^ CT y-cC 

such that for any y ^ C{k) the element 

s,[y)e{CT)y{k) = TF,{Fy), y=[e\{y) 

maps under the Kottwitz homomorphism k : TpyiFy) — > ^•{Tq)Ga\{F^/Fy) to the 
image of fj, under the natural projection X,(7^) ^•{'T'ri)Gai{F^/Fy)- 

The proposition is obvious for split groups. But for the ramified groups, the 
proof is a little bit complicated and will not be used in the main body of the paper. 
Therefore, those who are only interested in split groups can skip the proof. 

Proof. Let us first review how to construct an element in t^ € T{k([t))) whose image 
under the Kottwitz homomorphism (I2.1.3P is A under the map X,(T) — t- X,(T)r. 
Let k([s))/k([t)) be a finite separable extension of degree n so that 7a:((s)) splits, where 
s" = t. Then A(s) € T{k{{s))). By the construction of the Kottwitz homomorphism, 
we can take tx to be the image of A(s) under the norm map T(fc((s))) — )• T{k{{t))). 

Now we construct s^. Let T is as in p.2.ip . This is a global Neron model. 
We will first construct a section s\ : C ^ CT and then prove it indeed factors as 
Sf,:C^CT^ Cf. 

Let Tje] denote the graph of [e] : (7 — C. By definition, 

Homc((7,/:r) = Homc(f [e],r) = Hom(f C^Tuf, 

where T acts on Fjg] Xq C via the action on the second factor. 

Recall that we have the global coordinates u, v and the map [e] : C — )• C is given 
by u I— > u^. Then O-- = k[u]([v — u^)). Therefore, the ring of functions on Tjg] xc'C 
can be written as 

A = k[ui]{{v - uD) (g)fc[^] k[u2\, 
where the map k[v] — t- k[u2] is given by f 1— t- n^. Let 7 be a generator of T = 
Aut(C/C) acting on U2 as U2 1— > £,U2, where ^ is a primitive e'th root of unit. For 
i = 1, . . . ,e, the element (1^* (8) ii2 — ui (8) 1) is invertible in A, and therefore gives a 
morphism 

Clearly o 7 = Xj+i (as usual, Xj+g = Xj). 

Now choose a basis wi, . . . , W£ of \'(Th)- Let us define 

: f [e] xcC ^Th 
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as 

^3 V'^/i / — 1 2 ' ' ' e 

Clearly, is independent of the choice of wi, . . . ,0;^ (however, it depends on the 
global coordinate u on C). Furthermore, is F-equivariant. Therefore, we con- 
structed a section : C ^ CT- 

Now we prove that this section indeed factors as : C ^ CT —> CT. In other 

words, the morphism F^gj T factors as Fjg] T T. By definition, T is the 
neutral connected component of T. Therefore, it is enough to prove that the image 
of r[e]lo ~^ 7^1 lands in the neutral connected component of T|o- Observe that 
Fjejlo — SpecA;((ui)). Let Co be the fiber of C ^ C over so that Co = k[u]/u^ with 
a F-action. It has a unique closed point 0. Recall that T\o = {ResQ^^f,{TH x Cq))^ 

and therefore, there is a canonical map e : T\o — >■ TJ^ given by adjunction, making 
the following diagram commute 

Homc(f[e],r) > Hom(f[g]|o,r|o) Hom(f [^j |o, T^) 

Hom(f[g] XcC,THf > Hom(f[g]|o x Co,THf > Hom(f[e]|o x {0},Tjj) 

In our case e{sn) : T[e]\o Th is given by 

In other words, e(Sju) is the composition 

i [e]|0 — > J-H- 

Since for any F-invariant coweight ^u, the image /i ; — ^ lands in the neutral 
connected component of (the torus part), : C ^ CT factors through C — )■ 
CT -^Cf. 

Finally, let us check that : C ^ CT Xc C satisfies the desired properties as 
claimed in the proposition. 

Let y & C{k) he a closed point given hy u i-^ y & k. Then s^{y) corresponds to 
Sniy) •■ SpecA;((i; - y^)) (g>k[v] k[u2] Th given by 

u;jis^{y)) = fliei®u2-y)^^''^'^^l 

i=l 

If y = 0, the assertion of the proposition follows directly from the review of the 
construction of at the beginning. If y 7^ 0, let u; = 1 (8) 'U2 — y. Then 

e 
i=l 

where 

e-l 

/H = ll{ei^u2-y)^>''^'^^^ e k[[w]]\ 
1=1 

Therefore, as an element in TH{k{{w])), which is canonically isomorphic to CTy, 
Sfj,{y) maps to /x under the Kottwitz homomorphism. □ 
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Remark 3.2. For general fi, there is no such section C CT satisfying the property 
of the proposition. This is the reason that we want to base change everything over C 
to C. However, if ^ € X,(r) is defined over F, then indeed descents to a section 
C — )• CT. This means that in this case the variety Gig^^ defined below, which a 
priori is a variety over C, descends to a variety over C. One can summarize this 
by saying that Grg^^ is defined over the "reflex field" of /u. The same phenomenon 
appears in the theory of Shimura varieties. 

The composition of and the natural morphism (see (I3.1.4p ) pr : CT Gij- 
(resp. CT — 7> CG) gives a section C — )■ Grj- Xq C (resp. C CQ Xc C), which is 
still denoted by s^. 

The construction of C ^ CT Xq C will depend on the choice of the global 
coordinate u of C, but the section s^: C ^ Gij- xqC does not. Indeed, there is the 
following moduli interpretation of such section. Recall that GrT- is ind-proper over 

C ([Hej), and therefore, is uniquely determined by a section C Gvj- xq C = 
Gr 2 (by Lemma 13. Sp . Then this section, under the moduli interpretation of 

Gr 2, is given as follows: let A be the diagonal of (7^, and O ^ {fiA) be the 

Tf/-torsor on C"^, such that for any weight v of Th, the associated line bundle is 
(D^{{li, i')A). This T/f-torsor has a canonical trivialization away from A. 

Lemma 3.6. The map '. C — ^ GrT" corresponds to (£", /3), where £ is the Tjj-torsor 
0^{^/\), and f3 is its canonical trivialization over 

Proof. The Kottwitz homomorphism k : LTnik) X,(Tf/) induces an isomorphism 
Ginik) — LTnik)/ L^Tnik). On the other hand, recall that if we fix a point x on 
the curve C, we can interpret Gr^^ as the set of {£, f3), where £ is an Tf^-torsor and 
/3 is a trivialization of £ away from x. Under this interpretation, any t^ € X,(Ti^) 
is interpreted as the T/^-torsor C^(/ixjl, with its canonical trivialization away from 
X. Then the lemma is clear. □ 

Under the natural morphism GrT- — > Grg, we obtain a section of Gvg xq C, still 
denoted by s^. 

Notation. In what follows, we denote Grg XqC (resp. C^G XqC, resp. CQ XqC) 
by Grg (resp. C~^Q, resp. CQ). 

Definition 3.1. For each fi G X,(7^) = X,(Tjt), the global Schubert variety Grg^^ 
is the minimal C~^Q-stahle irreducible closed subvariety of Grg that contains s^. 

Let us emphasize that Grg^^ is not a subvariety of Grg. Rather, it lies in Grg xqC. 
Recall that for any /i € X,(Tad), one defines a subset Adm(/i) C as in (j2.1.6p . 
The main geometry of Gig^^ we will prove in this paper is 

Theorem 3. Let y he a closed point of C . Then 



In particular, all the fibers are reduced. 



The reason that represents 0(j(pLx) rather than 0(j{—^x) is due to the original sign conven- 
tion of the Kottwitz homomorphism in [Ko] , 
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We first prove the easy part of the theorem. 
Lemma 3.7. (Gl'g,f,)y = &^ for y^O. 

Proof. Write C = C — 0. We want to show that Grg „U is isomorphic to Gr„ x C. 
First we have a canonical isomorphism 

(3.3.1) g xcd^H xd 

and therefore by Lemma 13.31 

(3.3.2) GigXcd^Gi ^, eg xcd^C{H xC). 

Secondly, C = Gm which admits a global coordinate u so that C{H x C) = LH x C 
and Gr^^^ = Gich x C. Finally, by Lemma ESI the section : C ^ Grg xc C = 

GiH X C satisfying s^{C) C Gr^ x C. □ 

From this lemma, it is clear that we can make the following convention. 

Convention. When we discuss Grg^^, we will assume that /U € X,(T/f) is dominant 
with respect to the chosen Borel. 

At this moment, we can also see that 

Lemma 3.8. The scheme {Gig^^)^ C (Grg)o = contains J-£^ forw G Adm^(/i). 

Proof. Clearly, it is enough to show that J-£\ C (Grg^^)^ for any A in A, where A 
is the Wo-orbit in X,(T)r containing /x as constructed in ^2.11 Observe that Grg^^ 
is the flat closure of Grg^^| ^ in Grg, since the later is clearly /3+^-stable. Then the 
claims follows from that for any A G \,{T}{) in the H^-orbit of fi, sx{0) G and 
SA((5)C&g,^U = &^x(7. □ 



To prove the theorem, it is remains to show that 
Theorem 3.9. The underlying reduced suhscheme of (Grg^^)g is U«,GAdm'*'(^) ' 
Theorem 3.10. (Grg^^)Q is reduced. 



Let us ask the following question which we could not answer: is the variety Grg^^ 
Cohen-Macaulay? If this is true, it will also imply that Grg^^ is normal. 



4. Line bundles on Grg and Bung 

This subsection explains why Theorem [3] and Theorem [2] are equivalent to each 
other. The key ingredients are the line bundles on the global afiine Grassmannian 
Grg. Observe that Grg can be disconnected. This will create some complications 
to determine the line bundle on Grg directly. Instead, we will pass to the group 
scheme g' , whose generic fiber is simply-connected so that we can use the results of 
Heinloth |He] directly. 
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4.1. Line bundles on Gig and Bung. In this subsection, we temporary assume 
that C is a smooth curve over k and ^ is a Bruhat-Tits group scheme over C such 
that Qri is almost simple, absolutely simple, and simply-connected. 

Proposition 4.1. Let C be a line bundle on Grg, then the function cc that associates 
every y € C{k) the central charge of the restriction of C to (Grg)y is constant. 

This proposition implies that the statement in the last sentence of the first para- 
graph in p. 502 of ^Hej is not correct. 

Proof. Let Pic(Gr£;/C) denote the relative sheaf of Picard groups over C. As ex- 
plained in [He] , this is an etale sheaf over C. Let D = Ram(t/) be the set of points 
of C such that for every y € Ram(^), the fiber Qy is not semisimple. This is a finite 
set. Then there is a short exact sequence 

(4.L1) 1 ^ Yl X'iGy) ^ Pic(Grg/C7) ^ c ^ 1, 

y€D 

where c is a constructible sheaf, with all fibers isomorphic to Z and is constant on 
C-D. 

According to the description of the sheaf c in Remark 19 (3) of loc. cit., if £ is a 
line bundle on Gig such that cciy) = for some y £ C{k), then C£ = 0. Therefore, 
to prove the proposition, It is enough to construct one line bundle C2c on Grg, such 
that cc2c is constant on C. 

Let Vo = Lie^ be the Lie algebra of G. This is a locally free Oc-modules on C of 
rank dim^^^, on which G acts by adjoint representation. This induces a morphism 
Q — >■ GL(Vo), and therefore a morphism i : Gig — )• GiQi,(ygy Let C^et denote the 
determinant line bundle on GiQj^^y^y Let us recall its construction. Namely, we 
want to associated every Speci? — t- GiQ^y^^-j a line bundle on Speci? in a compatible 
way. Recall a morphism SpecR — t- GrQL(y,j) represents a morphism y G C{R), a 
vector bundle V on Cr and an isomorphism Vlcn-Fy — ^olcR-Vy- There exists 
some large enough such that 

Voi-NTy) c V C VoiNTy) 

and Vo(A^ry)/V is F-flat. Then the line bundle on V is 

det{Vo{Nry)/V) det{Vo{Nry)/Vo)-\ 

which is independent of the choice of A^ up to a canonical isomorphism. 

The pullback i*£dct is a line bundle on Grg, which will be our £2c- To see this 
is the desired line bundle, we need to calculate its central charge when restricted 
to each y € C{k). Let D = Ram(^). First consider y € C — D. Then the map 
iy ■ (Grg)y (GrGL(Vo))3/ is just 

GlH GrGL(LieH), 

where H is the split Chevalley group over Z such that G (X" k{rjY = H ^ k(rjY . It is 
well known that in this case iyCdct over y has central charge 2/i^, where /i^ is the 
dual Coxeter number of H (in fact, this statement is a consequence of the following 
argument). 

It remains to calculate the central charge of C2c over y & D. Without loss of 
generality, we can assume that D consists of one point, denoted by 0. Let G = Qfq- 
So let y = 0. Then the closed embedding io : (Grg)o — )■ (GrQL(yg))o is just 

LG/L'^Qoo GrGL(Lic6;oQ)- 
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Let US first assume that Qoo is an Iwahori group scheme of Gpg. Write B = Qq^ 
and J-i = LG/L^B as usual. We claim that in this case 

Lemma 4.2. il^et = ^'^Y.^^s'^^)■ 

Assuming this equation, we find the central charge of ig-Cdet is By- 
checking all the affine Dynkin diagrams, we find that 

ies 

In fact, we find for affine Dynkin diagrams Xj:^ , where X = A,B, C, D, E, F, G and 
r = 1,2,3, the sum is independent of r (see |Kac|. Remark 6.1]), and it is 

well-known (or by definition) that for r = 1, ^ = /i^. Therefore, the proposition 
follows in this case. 

Now we prove Lemma 14.21 This is equivalent to prove that the restriction of 
^O'^det to each Pj (whose definition is given in ^2.2p is isomorphic to 0pi(2). Let 
us give the moduli interpretations of the morphism Ti — > GrQL^Ljg^). Recall T£ 
classifies the Iwahori group schemes of G. Then Fl — > GrQL{Lie_B) maps an Iwahori 
group scheme B' of G to its Lie algebra Liei?', which is a free Oo-module, together 
with the canonical isomorphism LieS' ® Fq = LieG = Liei? (8) Fq. 

For J € S, let Pj be the minimal parahoric (but not Iwahori) group scheme 
corresponding to j. Then the subscheme Pj C Ti classifies the Iwahori group 
schemes of G that map to Pj. Let P" — >■ Pj be the "unipotent radical" of Pj. More 
precisely, Pj* is smooth over Oq with PJ' Fq = G and the special fiber of maps 
onto the unipotent radical of the special fiber of Pj. If B' is an Iwahori group scheme 
of G that maps to Pj, then 

LieP/ C LieP' C LieP, . 

Let P^^'^ be the reductive quotient of the special fiber of Pj, then P^'^'^ is isomorphic 
to GL2,SL2 or SO3 over k. Let G(2, LiePJ*^*^) = P^ denote the Grassmannian (over 
k) of 2-planes in the three dimensional vector space LiePj''^'^. We have the following 
commutative diagram 

P) > G(2, LieP;*''^) 

> GrGL(LieB) 

where P] G{2, LiePJ^^) is given by 

B' ^ {UeB'/UePj" C LieP,/LieP" ^ LiePf '^) 

and G(2, LiePJ*^*^) — )• GrGL{LieS) is given by realizing that G(2, LiePJ*^'^) represents 
the free Oo-modules that are in between LieP" and LiePj. 

By construction, the restriction of £dot to G(2, LiePj''^'^) is the (positive) determi- 
nant line bundle on G(2, LiePJ''*^), or Op2(l). Therefore, the restriction of £dct to 
Pj is isomorphic to Opi(2). This finishes the proof of Lemma 14.21 and therefore the 
proposition in the case Goo is Iwahori. 

Now let be a general parahoric group scheme. Let Q' be the group scheme 
over C together with G' ^ G which is an isomorphism over C — {0} and G'q^ is 
Iwahori. Let Vq = Liety and Vq = Lie^'. We have the natural map 

P ■ (Grg;/)o (Grg)o 
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induced from Q' ^ Q and the maps 

i-.Grg-^ GrGL(VQ), i' : Grg/ GrGL(v^)- 

We need to show that p*io£dct and >Cdet have the same central charge (observe 
that these two line bundles are not isomorphic). From this, we conclude that the 
central charge of i*Cdet is also constant along C. 

Let us extend Q and Q' to group schemes over the complete curve C such that 
^lc-{o} ~ ^'lc-{o}- Let Bung (resp. Bung/) be the moduli stack of ^-torsors {Q'- 
torsors) on C. Let Go,G'q be the restriction of the two group schemes over € C, 
and let P be the image of Q'^ ^ Qq. This is indeed a Borel subgroup of Q'q. Recall 
that by restricting a ty'-torsor to € C, we obtain a map (Grg/)o A B^Q' 
have the similar map for Q. Then we have the following diagram with both squares 
Cartesian 

(4.L2) (GrgOo ^ Bung/ B^^ -BP 

Y 

(Grg)o Bung B^o. 

Indeed, it is clear that the left square is Cartesian because ^Ic^jo} ~ ^'\c-{o}- '^^^^ 
fact that the second square is Cartesian is established in Proposition 19. li 

Let y : SpecP — > (Grg/)o be a morphism given by (f,/3), where £" is a ^'-torsor 
on Cr. Then we have the natural short exact sequence 

^ adf ^ ad{£ x^' G) ^ £ x^' (UeQ /LieG') 0. 

On the other hand, p : (Grg/)o (Grg)o is relatively smooth morphism since 
BP —7- MQ'q is smooth. Let Tp denote the relative tangent sheaf. We claim that 
£ x^' (Lie^/Lie^') = y*Tp, where y*Tp is the sheaf on SpecP, regarded as a sheaf 
on Cr via the closed embedding {0} x SpecP =: {0}/? — >• Cr. But this follows from 
(HX2D and 

£x^' (Lieg/Lieg') ^ ^||o}^ x^o (Lie^o/LieP) ^ (£:|{o}^ x^o P) x^ {UeG^/UeP). 
Therefore, we have 

(4.1.3) ^ ad £: ^ ad(£' x^" g') y*Tp 0, 

Let us finish the prove that p*io£det and >Cdct have the same central charge and 
therefore the proposition. From the above lemma, 

(4.1.4) p*ioJ^det = i'oCdet ^ det(7;). 

So it is enough to prove that det?^ as a line bundle on (Grg')o has central charge 
zero. But from (I4.1.2p . det 7^ is a pullback of some line bundle from BP, and hence 
from B^Q, which has zero central charge by (I2.2.3p . □ 

Now, we assume that C is a complete curve and let Bung be the moduli stack 
of ^-torsors on C. Let Pic(Bung) be the Picard group of rigidified line bundles 
(trivialized over the trivial ^-torsor) on Bung. Let D = Ram(^). Observe that 
nyeC(k)^'iSy) = UyeD^'iSy). Fix € C{k). Let Ti"" = LGfJI+Qo,, which 
is a partial affine flag variety of Qfo- According to [HeJ, we have the following 
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commutative diagram 

> UyeCik)^'iSy) > Pic(Bung) > Z > 

> X*(^o) > Pic{Ti^) — ^ Z > 

The left vertical arrow is the projection to the factor corresponding to and the 
right vertical arrow is injective (but not necessarily surjective). Probably, one can 
show that Pic(Bung) — ^ Z is in fact given by Pic(Bung) r(C, Pic(Grg/C)) — ^ 
r(C, c) = Z and the right vertical arrow is the natural restriction map T{C, c) — )• c|o- 
We do not need this fact. What we need is that from the above diagram, for any 
£ € Pic(J^£^), a certain tensor power of it will descend to a line bundle on Bung. 
Therefore we conclude 

Corollary 4.3. Let C be a smooth but (not necessarily complete) curve and G be a 
Bruhat-Tits group scheme over C such that Q-q is almost simple, absolutely simple 
and simply-connected. Let H be the split Chevalley group over Z such that Q ® 
k{r]Y = H(g)k{r]Y. Let G C{k) and let C be a line bundle on Ti^ = LGfo/L+Goo- 
Then there is a line bundle on Grg, whose restriction to (Grg)o = J-i^ is isomorphic 
to CP" for some n > 1, and whose restriction to {Gig)y = Gr//(y Ram(^/)) is 

isomorphic to C^^^^\ 

Proof. Let C be complete curve containing C. We extend ^ to a Bruhat-Tits group 
scheme over C. Then some tensor power £" of C descends to a line bundle C on 
Bung. Let /igiob : Grg — )• Bung be the natural projection. Then h'^i^^C is a line 
bundle on Grg whose restriction to (Grg)o is isomorphic to C^, and whose restriction 
to (Grg)y = Gvh (y Ram(^)) has central charge c{C^), and therefore is isomorphic 

to CZ^'-l □ 

4.2. Theorem [3] is equivalent to Theorem [2l Let us begin with a general con- 
struction. Let ^ be a Bruhat-Tits group scheme over a curve C. Then away from 
a finite subset D C C, G\c-D is reductive. Let GdeAc-D be the derived group 
of G\c-D so that for y G C{k), {Gder)Fy is the derived group of Gpy- It is known 
that there is a canonical bijection between the facets in the building of (^der)^^ ^ind 
those in the building of Gpy, and under this bijection, the corresponding parahoric 
group scheme for {GdeT)Fy maps to the corresponding parahoric group scheme for 
Gpy- Therefore, we can extend Gder\c-D to a Bruhat-Tits group scheme over C 
together with a morphism Gdev G, such that for all y G D, {Gdev)Oy Goy is the 
morphism of parahoric group schemes given by the facet determined by Goy- 

Definition 4.1. The group scheme ^der together with the morphism Gdev — > ^ is 
called the derived group of G- 

Now let us specialize the group G to be the Bruhat-Tits group scheme over C = 
as defined in ^3.2[ Let us denote G' = Gder for simplicity. Let C = C — {0}. Observe 
that G'^ is reductive and Gp^^ = Gi = Gdor and for y 7^ 0, G'q^ is hyperspecial for 
Hder 'S' Oy. In addition, G'r^ is simply-connected. 

Let us explain why Theorem [3] and Theorem [2] are equivalent. The natural mor- 
phism G' ^ G induces a morphism Grg/ Grg. One can show that this is a closed 
embedding (we will not use this fact but this can be also seen from the following rea- 
soning). But at least it follows directly from [PR3 . §6] that both (Grg/)o — >■ (Grg)o 
and Grg'l^ — ?> Grg|^ are closed embeddings, which induce isomorphisms from the 
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formers to the reduced subschemes of the neutral connected components of the lat- 
ters. Let ^ G X,(T), and let Gig^^ be the corresponding global Schubert variety as 
in ^3.31 Recall the section from Proposition 13.51 Regard it as a section of CQ, 
which acts on Grg. Then 

•S/T^Grg,^!^ C Grg.|^. 

This follows from t~^GrA C Gyh^^^ for any G 'K,{Th)-, where is considered as 
any lifting oi t^j, ^ W to Th{F). Let Grg/ <^ be the flat closure of s~^Grg^^|^ in 
Grg/. We have the natural map 

Grg;/,<^ s^^Grg,^, 

which induces a closed embedding (Grg/ <^)q — )• (s^^Grg_^)g since Ti^^ — )• 

is a closed embedding. By flatness, this necessarily implies that (Grg/^<^)Q = 

Let be the image of /i in = X,(T)r/X,(Tsc)r and let Y° C S so that 
(Tyo = T~^((Ty) as before. Let g G Gi{F) be a lifting of t-^T^ G Wag. Then since 
7"^^ G (Grg^^)Q for w G Adm^(^) (see Lemma ES]), gC^° Fi^c,w) C (Grg/^<^)Q for 
w G Adm^(^)°. In other words, ip)° C (Gr£;/^<^)Q. 

Let £ be an ample line bundle on FiJ^, and we prolong its certain tensor power 
to a line bundle on Grg/ by Theorem 14.31 Then we have 

dimr((Grg,,<^)j„/:^'=('^)) =dimr((Grg,,<^)5,/:") > dimV {A'^ (fif , C^) 

by the flatness and the fact that H^{^F£^ ,C) = for any Schubert variety '^Fl'^ 
and any ample line bundle C. In addition, the equality holds if and only if A^ {fi)° = 
(Grg/^<^)g. Clearly, for y ^0, (Grg/x^)y = gGr<^ and therefore 

r((Grg,<^)„£r^^))-r(Gr<^,£f)) 

by Theorem 14.31 Therefore, Theorem [2] implies Theorem [3l Conversely, Theorem [3] 
implies that the statement of Theorem [2] holds for £",jC^"', . . . and therefore holds 
for C. 

5. Some properties of Grg^^ 

In this section, we study two basic geometrical structures of Grg^^: (i) in ^5.2|, 
we will construct certain affine charts of Grg^^, which turn out to be isomorphic to 
affine spaces over C; and (ii) in ^5.31 we will construct a Gm-action on Grg^^, so 
that the map Grg^^ — )• C is Gm-equivariant, where Gm acts on C = A"*^ by natural 
dilatation. To establish (i), we will need to first construct the global root subgroups 
of CG as in §5.11 We shall remark that all the results for G being split are obvious. 
It is for the ramified group G that some complicated discussions are needed. Those 
who are only interested in split groups can skip this section. 

5.1. global root groups. We shall introduce the "root subgroups" of CQ, whose 
fibers over G C is the usual root subgroups of the loop group LG as constructed 
in [PR3l 9.a,9.b]. 

Let us first review the shape of root groups of G. Let {H, Bh,Th, X) be a pinned 
Chevalley group over Z as in ^2.11 Let H be the group of pinned automorphisms 
of H (more precisely, the group of pinned automorphisms of i^der) which is simple, 
almost simple, simply-connected by our assumption). So H is a cyclic group of order 
1,2 or 3. Let $ = ^{H, Th) be the set of roots of H with respect to Th- For each 
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a G ^{H,Th), let Ua denote the corresponding root group. Then for each 7 G H, 
one has an isomorphism 7 : = U^a- The stabilizer of a in S is either trivial or 
the whole group. Let us choose a Chevalley-Steinberg system of H, i.e. for each 
d G ^{H,Th), an isomorphism Xa '■ Ga — Ua over Z. In addition, we require that: 

(1) if a G A is a simple root, then Xa = dxa{l), where X = X^^g^ Xg,; 

(2) if the stabilizer of a in S is trivial, then 7 o = Xja for any 7 G S. 
Clearly, such a system exists. Note that if the stabilizer of d is the whole group S, 
it is not necessarily true that one can make 7 o = Xa, as can be seen for SL3. In 
this case, one obtains a quadratic character 

(5.L1) Xa : H ^ Autz(Ga) = {±1} 

such that 7 o = Xa o Xa(7). Of course, this can happen only if the order of H is 2. 

Recall that T = Aut{C/C) is a group of order e = 1,2,3, which acts on H via 
pinned automorphisms and the corresponding map F — > H is injective. 

Let j : ^{H,Th) — ^ ^{G,S) be the restriction of the root systems. For a G 
^G,S), let 

ri{a) = {a G ^{HK',TK')\j{d) = ma,m > 0}. 
Denote Ujj^a) be the subgroup of H generated by Ua, d G r]{a). This is a subgroup of 
H invariant under H. As a scheme, Ur]{a) — nae?7(a) where the product is taken 
over any given order on r]{a). 
Let 

Ua,C = (R(^Sc/cKia),cf- 

Then Ua,c ^0 is the root group of — G corresponding to a. For y ^ 0, 
{Ua,c)y — Ujj(^a)- addition, CUa^c is a subgroup of CQ. 

Recall that we fixed the special vertex vq at the beginning. Using this vertex, 
we identify A{G,S) with X,(S')k and we can write affine roots as a + m, where 
a G $(G, S) and m G (the valuation is normalized so that u has valuation 1/e). 
Let us construct for each afHne root a + m, a closed immersion 

(5.1.2) Xa+m : <Ga,C C,Ua,C- 

Let us describe of Xa+m at the level of /^-points. Recall we write C = SpecA;[t;], C = 
SpecA;[n], such that [e] : C — > C is given by v ^ %f. Let i? be a A;-algebra and let 
y : Speci? ^ C be an i?-point of C. We identify Homc(Speci?, Ga^c) with R in an 
obvious manner. We thus need to construct a map (functorial with respect to R) 

Xa+m ■ Ft -)■ Hom(7(Speci2,£i7a,c)- 

The graph of y : Speci? — > C is Fy = SpecR[v]/{v — y) and Ty = SpecR([v — y)). 
Now, by definition 

Homc(Speci?,/:?7a,c) = Hom(Speci?((i; - y)) Xc C, Ur,{a)Y', 

where F acts on Speci?((i' — y)) Xc C via the action on C, and acts on Uri{a) via the 
pinned isomorphisms. 

Let us make the following notation. Each element 

s G R{{v - y)) (8)fe[„] k[u] 

determines a morphism Speci?((t; — y)) XcC — > Ga, and let Xa{s) : SpccR([v — y)) Xq 
G Ua denote the composition of this morphism with Xa ■ Ga ^ Ua- 

Now we construction Xa+m- Write m = mi + ^ where mi, 771-2 G Z, < m2 < e. 
There are two cases. 
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(i) 2a <5(G, 5). In this case, F acts transitively on 77(a). There are two 
subcases. 

(ia) r/(a) = a, so that T fixes a and f/r)(a) = Ua- Define 

Xa+m{r) = Xair{v - y)""' ® 

Since a+m is an affine root, T acts on u™^ exactly via the quadratic character 
Xd as defined in (|5.1.1|) . Xa+mir) € Hom(Speci?((f - y)) Xc C, Un(a))^ ■ 

(ib) r acts simply transitively on r/(a). Pick up a € r]{a) and 7 € T a generator. 
Using the isomorphism 0^=1 ^7»{a) — ^»)(a)) defines 

e 
1=1 

Since for a, a' € r/(a), the groups Ua and ?7a' commute, we still have Xa+mi''') G 
Hom(Speci?((f; -y))xc C, Un(a)f ■ 

(ii) 2a S <^>(G, S*), so that r/(a) = {a, a', a + a'}. In this case, char A; 7^ 2, 
e = 2, 7712 = 1, and the quadratic charcter Xd+d' is non-trivial. Recall that 
for any s, s', 

(5.1.3) Xa{s)Xa'{s') = Xa' {s')Xa{s)Xa+d' {-^Ss') , 

where ± depends on Xa-,Xai -.Xa+d' ■, but not on s,s'. Define 

Xa+m{r) = Xa{r{v - y)""^ O u)xa'{-r{v - y)™i (g> u)xa+d'{T^r'^{v - yf""^ u^) 

where =F is the sign opposite the sign ± in (j5.1.3p . Using ()5.1.3p . it is clear 

that Xa+mir) G Hom(Speci?((i; - y)) xq C, Ur){a))^ ■ 
We have completed the construction of (|5.1.2p . Observe that over € C (i.e. 
by setting y = 0), the map (j5.1.2p reduces to an isomorphism of Ga and the root 
subgroup of LG corresponding to a + m, as constructed in [PR31 9.a,9.b]. This 
motives us to define 

Definition 5.1. Let a + m, be an affine root of G. The subgroup scheme lAa+m = 
Xa+miGafi) is Called root subgroup of CQ corresponding to a + tti. 

Remark 5.1. By taking the fibers Ua+m = (^a+m)o C {CQ)q = LG, we obtain the 
root subgroups of LG. If we do not identify A{G,S) with X,(S')]r via vq, we write 
them as Ua, where a is an affine root. 

The following a few lemmas about the root subgroups for (global) loop groups are 
the counterparts of some well-known results about the root subgroups of Kac-Moody 
groups. 

Lemma 5.1. For a + m,h + n (a ^ two affine roots of G, the commutator 
iUa+mMb+m) is Contained in the group generated hy U(^pa+qb)+{pm+qn)y where p,q G 
Z>o such that (pa + qb) + (pm + qn) is also an affine root of G. 

Proof. Let i? be a /c-algebra. It is enough to check that for any y € G{R), the commu- 
tator {Ua+m{Lt) ,Ub+n{R)) is Contained in the group generated by those W(p(j^qb)+(p^+g„) 
where p,q G Z>o and (pa + qb) + (pm + qn) is an affine root. 

Let ^"'^ c $ = '^{G,S) denote the set of non-divisible roots, i.e. a € <I*"'^ if 
a/2 <I>. Let us define '$a,b C = ^{H,Th) be the set of roots containing those 

'^a,b = [a e ^ \ j{a) = pa + qb ioi p,qG'LyQ} = |J r]{pa + qb), 

pa+qfeG<I>"'*,p,q>0 
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where j : $ — > For a € '^a,b such that j{a) = pa + qb, let k{a) = pm + qn. Using 
the same notation as in N5.ll let us define 

Ua+k{d) C £(Resc./c'C/- 

be the group over C, whose ii-points over y : Speci? — )• C are given by 

{xa{r{v - yf^^^^ u^^^^^), reR}C RomdSpecR, £(Res^/^C/- ,5)), 

where k{d)i,k{d)2 € such that < k{d)2 < e and k{d)i + = k{d). Let 
p,q € Z>o, and let U^{pa+qb) ^prn+qn be the group generated by l^a,k(a) those 
a € r]{pa + g6) C ^a,6- Clearly, over y G C{R), 

^{pa+qb)+(pm+qn){^) — ^r]{pa+qb),pm+qn{^) ^ ^Upa+qb,c{R) ■ 

Let U\i,^^^rn,n be the group generated by Ua+k{d)jO, G ^'a,6- Recall that for the fixed 
Chevalley-Steiberg system {xa,d G $}, and for two roots a, 6 G ^, there exists 
c(p, q) €z for p,q Z>o such that for any ring and r,s & R, the commutator 
(a:^a(r),x^(s)) can be written as (^^(r), a;^(s)) = Upd+qbe^,p,q>o^pa+qb^(^'^P'l'>'^^^'''>- 
Therefore, the commutator of md+k{a)Mlj^k(b)i contained in the group generated 
by Upa+qb+k{pd+qby ^here p, g G Z>o and pd + qbe <l. Therefore, by [BTlj Proposi- 
tion 6.1.6] (applying to the case Ya = Ua+k{a){R) for y G C{R)), we have 

a,b,m,n{R) ^ ^a+fc(a)(-R) ~^ ^r){pa+qb),pm+qn{R) ■ 

Next, let CU(^a,b) be the group generated by CUpa+qb,c-, pa + qb G ^,p,q G Z>o- 
Again by loc.cit., for y G C{R), there is a bijection 

pa+qb<^^"'i,p,q>0 

Combining the above two isomorphisms, we thus obtain that 

{Ua+m{R)Mb+n{R)) C H CU(a,b){R) 

— JJ i^r]{pa+qb),pm+qn{R) ^ ^Upa+qb,c{R)) 

pa+qbe^"'^,p,q>0 

= JJ ^{pa+qb)+{pm+qn){R) ■ 



pa+qbe^"'' ,p,q>0 



□ 



Recall that the pinning (j2.1.ip determines a set of positive roots 5")+. By 
our choice of the alcove C, C/a,c C for a G ^{G, S)'^ . Therefore, Ua+m C C'^G for 
a G $(G,5)+,m > 0. Let /i G X,(r)+, and let 

(5.1.4) <I>^ = {a + m I a + m is an affine root, a G ^{G, S)^ , < m < (A, a)}. 

Let be the subgroup of C'^G generated by Ua+m, a + m G ^p. 

Lemma 5.2. For some given order (which will be specified in the proof) on the set 
^>^, the natural map 

Ua+m — > 

is an isomorphism of schemes. 



28 



XINWEN ZHU 



Proof. Again, it is enough to prove the isomorphism at the level of i?-points. By 
Lemma [STTl the collection of groups {Y\^Ua+m{R) , a E satisfies the condition 
as required by |BTH Proposition 6.1.7]. Fix an order on n we can extend 
it to an order on by requiring if a, 2o € ^I'"^, then a < 2a < b for any b € ^I'"'^ 
such that a < b. In addition, we can give an order on by requiring a + m < b + n 
if either a < b or a = b,m < n. With this given order, the lemma follows by loc. 
cit. □ 

5.2. Some afRne charts of Grg^^. We introduce certain affine charts of Grg^^, 
which turn out to be isomorphic to affine spaces. First let // € X,(T)p . Recall the 
section : C ^ CQ as constructed in the paragraph after Proposition [331 Consider 

C/i : xc ^ Grg,^, g^gs^. 

Lemma 5.3. The morphism c^^ is an open immersion. 

Proof. Observe that dim^$^ = (2p, ^u) + 1, which is the same as the dimension of 
Grg^^. Therefore, it is enough to prove that the stabilizer of s^ in U^^ is trivial. 
Recall that CG acts on Grg, and the stabilizer of the section e : C — > Grg (defined 
by the trivial ^-torsor) is C^Q. Therefore, the stabilizer in CQ of the section is 
Sf,{C+g)s-^^. Therefore, it is enough to prove that C+Q r\s^^{U^^ 'XcC)s^ is trivial, 
or equivalently C~^Ua,c Xc C Ci s~^{Ua+m Xc C)Sfi is trivial for all a + m G 

Let us analyze the i?-points of s~^{Ua+m xc C)s^ over y : SpecR C. Recall 
that s^{y) is given by the F-equivariant map 

s^{y) : Speci?((t; - y'')) (S)k[v] k[u2] Th 
such that for any weight to of Th, the composition ujSfj,{y) (which is determined by 
an invertible element in i?((f — y^)} ®k[v] k[u2]) is 11^=1(1 7* (^2) — y^ Let 
us choose uj such that (^, 7*1^) < for i = 1, 2, . . . , e. If we write 

e 

n(l ® l\u2) - y ® = - VT ® A 

i=l 

with Vpq £ R,0 < q < e, and rpg = for p <C 0, then the smallest p such that 
^pg 7^ is < L ^'^'^e^'^^ J ; where [xj denotes the largest integer that is < x. Now 
we set CO = —a with j{d) = a G ^{G,S)~^. Then for m = mi + ^ < (A',a) with 
mi,m2 G Z>o,m2 < e, we have 

e 

^ y (^2) - y » i)(-'^'^"("»((t; - Z)'"^ ) R[[v - yl] k[u2], 

i=l 

because mi < m < {fi,a) < — [—{fi,a)\ = —[ ^^"'l^' J . 

Clearly, this implies that C^Ua,c Xc C n s~^{Ua+m Xc C)Sfi is the identity for all 
a + m G and therefore the lemma. □ 

Let A = Wofj, C X,(T)r as in ^2.11 Let A G A. We can construct the affine chart 
of Grg^^ corresponding to A as follows. Choose w G Wq such that wfi = A. Let 
= w{^^). One can define the group U^^ correspondingly, which is isomorphic 
to an affine space of dimension (2p, A) + 1 as schemes. Recall that sx C Grg^^ and 
define 

CA : ^-l-A Xc ^ Grg,^, g^gsx- 
By the same argument as above, cx is an open immersion. 
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In what follows, we denote the image of cx (A G A) by Ux, so that Ux is affine 
open in Grg^^ which is smooth over C (indeed an affine space over C). 

5.3. A Gm-action on Grg^^. Let is the special parahoric group scheme of G 
as in (j2.1.2p . In this subsection, we assume that the group scheme Q constructed 
in ^3.21 over C = Speck[v] satisfies the following condition: after identifying Fq = 
k{{v)\) = F = k(lt)) so that we identify Gp^ = G, there exists a morphism Qq^ Qy^. 
In other words, after identifying the building of Qfq with G, then the closure of the 
facet determined by Goo contains the special vertex vq corresponds to Gv^. 

Let / : Grg ^ C* be the structural map. We construct a natural Gm-action on 
Gig, which lifts the natural action of Gm on C via dilatations. In addition, each 
Gig^^ is stable under this Gm-action. 

The construction of the Gm-action on Grg is straightforward. Recall that the 
global coordinate on C is u and on C is v, and that the map [e] : C ^ C is given by 
V u^. Recall that an i?-point of Grg is given hy u y and a t?-torsor £ on Cr, 
which is trivialized over Cr — ^[e]{y)- Let r G be an i?-point of Gm- We need 
to construct a new ^-torsor on Cr, together with a trivialization over Gr — T[gj(^ry)- 
Indeed, let : Gr Gr given by w r^v. It maps ^[e]{y) to r[g](^j^). Then the 
pullback of £ along is an (r~'^)*^-torsor on Gr, together with a trivialization 
on Gr — r[g](ry). Therefore, to complete the construction, it is enough to show that 
{r~^)*Q is canonically isomorphic to G as group schemes over Gr. Let us remark 
that the same construction gives an action of Gm on CG (resp. C^G), compatible 
the dilatations on G. Furthermore, the action of CG (resp. C^G) on Grg is Gm- 
equivariant. 

Let us define the action of Gm on C = SpecA;[z;] via {r,v) H' r'^v. Observe that 
He C Gm acts trivially on G via this action. 

Lemma 5.4. Given the action of Gm on G as above, there is a natural action Gm 
on G, such that G ^ G is Gm-equivariant. 

Remark 5.2. However, the natural dilatation on G could not lift to G- 

Proof. Let us denote the facet in the building of Gfq determined by Goo by a. 
Then under the embedding of buildings B{G, F) C B{H ^ F, F), a gives a facet in 
B{H F,F), still denoted by a. This in turn determines a parahoric group scheme 
of H F over Op, denoted by Ga- Let G be the group scheme over C, such that 

G\=^ = H X G, and Go- = (we make the obvious identification F = Fr.). Then 

G is the neutral connected component of (ReSf^^f^G)^ ■ To prove the proposition, 

it is enough to prove that there is a natural Gm action on G, compatible with the 
rotation on G. In addition, this Gm-action commute with the action of T on G. 

Let Tn,p '. Gm ^ G — y G be the action map and the projection map respectively. 
We need show that there is an isomorphism of group schemes p*G — m*G over 
Gm X C, satisfying the usually compatibility conditions. Since Gm naturally acts on 

G\^ = H X G hy rotating the second factor, there is a natural isomorphism 

c:p*G\ ^=m*G\ 

which commutes with the F-actions. We need to show that this uniquely extends 
to an isomorphism over Gm x G. Then it will automatically commute of the F- 
actions and satisfy the compatibility conditions. Indeed, the uniqueness is clear 
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since p*Q (resp. m*G) is flat over Gm x C, so that O^^g C Op,g[n -"^J (resp. 0,^,g C 
^m*g[^~^])- need to prove that the map c : 0^,g[u~^] — )• C'p*g[u~^] indeed sends 
^m*g ~^ ^p*g' ^^^^ checked over each closed point of Gm- Therefore, we 

reduce to prove that for every r G Gm(^), the isomorphism of r*Q\^ = extends 
to an isomorphism r*Q = Q. We can replace C by Oq. By [BT2^ Proposition 
1.7.6], it is enough to prove that the isomorphism r : Q{F^) — >■ G{Fq) induces the 
isomorphism Q{Oq) — >■ Q{Oq). But this follows from G{Oq) = ev^^(P), where P is 
the parabolic subgroup of H determined by the facet o", and ev : H{Oq) H is the 
natural evaluation map. □ 

It remains to show that each Grg^^ is invariant under this Gm-action. It is enough 
to show that the section : C — > Gig is invariant under this Gm-action. Recall that 
s^: C ^ Grg xc C = Gr^^^ is given by the Tff-bundle C^(//A) with its canonical 
trivialization away from A (see Lemma l3.6p . From this moduli interpretation, it is 
clear that is Gm-invariant. 

By restriction to (Grg)Q = Fd^ , we obtain an action of G^ on Fi^ . As is shown 
in [PR3j , the affine flag variety Fi^ coincides with the affine flag variety in the Kac- 
Moody setting. Under this identification, the above Gm-action on Fl^ corresponds 
to the action of the extra one-dimensional torus (usually called the rotation torus) 
in the maximal torus of the affine Kac-Moody group. We do not make the statement 
precise. Instead, we mention 

Lemma 5.5. Each Schubert variety in F^ is invariant under this action of Gm 
on Fl^ . 

Proof. S ince Gffi acts on it acts on L^Qq^^. dearly, it also acts on L^Fo^t 
and therefore acts on the the normalizer Nq(^p^-^{T{Oq)) of T(Oo) in ^(-^o)- Since 

^G{Fo){F'{Oq)) /T{Oq) = W is discrete, the induced G^-action fixes every element. 
The lemma follows. □ 

6. Proofs I: Frobenius splitting of global Schubert varieties 

In this section, we prove Theorem 13.101 assuming Theorem 13. 9i We also deduce 
Theorem [1] from Theorem [2j 

6.1. Factorization of afRne Demazure modules. In this subsection, we show 
that Theorem[2] implies Theorem[TJ This is essentially proved in [Z]. Nevertheless, we 
sketch the proofs here since it serves as the prototype for the following subsections. 

Let if be a split Chevalley group over k such that i/der is almost simple, simply- 
connected. Let Gth be the affine Grassmannian of H and Ch be the line bundle on 
{GiH)red (the reduced subscheme of Gyh)-, which restricts to the ample generator of 
the Picard group of each of connected component (which is isomorphic to Gxh^^^)- 
We have the following two assertions. 

Lemma 6.1. Let fi € X,(T//) be a minuscule coweight, so that Gr^ = X{fi) = 
H/P{fi). Then the restriction of Cb to Gr^ is JC.{^), the ample generator of the 
Picard group of X{fj,). 

Proof. Let us use the following notation. For a dominant weight of -P(/x), let C^i^) 
be the line bundle on H/P{n), such that T{H / P[^), C{v))* is the Weyl module of 
H of highest weight u. 
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First assume that char A; = 0. Let us fix a normahzed invariant form {■,-)norm 
on X,(T//) so that the square of the length of short coroots is two. Note that this 
invariant form may not be unique if H is not semisimple. For a coweight fj, € X,(Tf/) 
of Th, let fi* be the image of fi under X,(Tf/) — )• 'K'{Th) induced by this form. In 
other words, {fi* , A) = {fi, X)norm- Let G GrT'^(A;) C Grnik) be the corresponding 
point as in the proof of Lemma 13. 6[ Now assume that fi is dominant. According 
to [Z*, Lemma 2.2.2], the restriction of £{, to Ht^ = H/P{^) is isomorphic to C{fi*) 
(although their i?-equivariant structure may be different). Therefore, the lemma 
follows from the fact that under the normalized invariant form, the square of the 
length of any minuscule coweight is two. 

To prove the lemma in the case char A; > 0, observe that everything is defined 
over Z (see |Fa| where it is prove that the Schubert varieties are defined over Z and 
commute with base change). It is well-known that Pic{H/P{^)z,) = Pic{H/P{fi)k) = 
Z. The lemma follows. □ 

Proposition 6.2. Let C be a line bundle on {Gr}{)red, whose restriction to each 
connected component of Gth has the same central charge. Then 

Proof. Since i?^(Gr^,£) = 0, it is enough to prove the proposition for C^jC"^^, . . . 
and some n > 1. Therefore we can replace Chy C^, we can assume that the central 
charge of C is 2h'^ , i.e. C = C"^^ . Then is the pullback of the n-tensor of the 
determinant line bundle .C^et GrQL(Lie/i') along i : Gvh — > GiQi^fi^^i^H)-, as has 
been discussed in the proof of Theorem 14.31 Let us choose a complete curve (e.g. 
C = C U {oo}) and let P>nnH be the moduli stack of //-bundles on the curve. Then 
we know that C is the pullback of a line bundle on Bun// (in fact the anti-canonical 
bundle) along Gih Bun//. Denote this line bundle on Bun// as u^"^. Of course, 
if H is simply-connected and semisimple, it is well-known that every line bundle on 
Gr// is the pullback of some line bundle on Bun//. 

Consider the convolution affine Grassmannian Gr^^j^ over C, defined as 



y € C{R), £,£' are two /T-torsors on C/j, 
Gr^xc(^) = { (.y, /3, /3 : £\cn-Ty = ^°lc«-r. is a trivialization, 

and /?' : S'\(^c-{o})r = £\(c~{o})r- 
This is an ind-scheme formally smooth over C, and we have 

GrgTcIc = Gr//,c. X Gr//, {Gr%7c)o = Gr//xGr//, 

where Gr//xGr// := LH x^^^ Gr// is the local convolution Grassmannian. In 
addition, Grg'^Jc 

is a fibration over GthxC by sending {y,£,£' , (3, (3') to {y,£,/3), 
with the fibers isomorphic to Gr//. 

Now Gr^ X GrA extends naturally to a closed variety of Gr^^^ x Gr//. The 

closure of this variety in Gr^°^^ is denoted as Gr^'^^^^ ;^. As is proven in [Z], for 

y / 0, (&STc,m,a)s/ - Gr^x &a _and (&Sx"c,m,a)o = where &^x&a 

is the twisted product of Gr^ and GrA (see loc. cit. or (j6.2.6p below for the precise 
definition) . 

Let h : Gt%"^^ Bun// be the map sending (y, f , f ', /3, /3') to £'. Then as 
explained in [Z], /i*(a;~^)", when restricted to Gr^'^^l^j, is isomorphic to Kl £"■, 
whereas over (Gr^'^^)o, it is isomorphic to m*C"', where m : Gr//xGr// — > Gr// is 
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the natural multiplication map. Therefore, 

The last isomorphism is due to the fact Oq^ = ^*Oq^^^q^^. □ 

Clearly, these two assertions together with Theorem [2] will imply Theorem [TJ 

6.2. Reduction of Theorem 13.101 to Theorem 16.101 In this subsection, we 
prove Theorem I3.10| assuming Theorem 13.91 The key ingredient is the Frobenius 
splitting of varieties in characteristic p. We will assume that char k = p > 0. In 
addition. 

Lemma 6.3. If Theorem\^for one prime p\ e, then it holds for all p \ e as well as 
the case char k = 0. 

Proof. Recall that the affine flag varieties and Schubert varieties are defined W{k), 
the ring of Witt vectors of k, and the formation commutes with base change ( |Fal 
IPR3| ). In addition, line bundles are also defined over W{k) (for example, after 
identifying the affine flag varieties with those arising from Kac-Moody theory, this 
is clear. In fact, they are even defined over Z', where Z is obtained from Z by adding 
eth roots of unit and inverting e.) By the vanishing of corresponding H^, both sides 
are free l^(A;)-modules and the formation commutes with base change. The lemma 
is clear. □ 

So we just need to prove Theorem 13.101 for one prime. Therefore, we will assume 
char A; = p > 2. Let us remark that the only place we make use of this assumption 
is in the proof of Proposition 16.201 The assumption is not essential, but it will 
considerably simplify the proof. 

We begin with introducing more varieties. Let Gig^ be the Beilinson-Drinfeld 
affine Grassmannian for Q over C. That is, for every /c-algebra R, 
(6.2.1) 

f y £ C(R),£ is a ^-torsor on Cr, and 1 

Grf^(fl) = i(y,f,/3) ^ / ^' I 

{C-{o})R-ry — £ \{C-{o})r is a trivialization J 

Again, this is formally smooth over C, and we have 

Grf^l^ ^ Grgl^ x (Grg)o, (Grf^)o ^ (Grg)o ^ . 

We also need the convolution affine Grassmannian Grg°™. The functor it repre- 
sents is as follows. Let i? be a /c-algebra. 
(6.2.2) 

y € C{R), £,£' are two t/-torsors on Cr, 
(y, £, £', P, 13') 13 : £\cR-ry = Q\cR-ry is a trivialization, 
and /3' : £'\(c-{o})r = £\(c-{o})r 
There is a natural map 

(6.2.3) m : Grg°™ ^ Grf ^ 

sending (y,£,£' , (3') to {y,£',f3 o f3'). This is a morphism over C, which is an 
isomorphism over C — {0}. Over 0, this morphism is the local convolution morphism 

(6.2.4) m : Tl^xTl^ := LG x^^^^y TS^ , 
given by the natural multiplication. There is another morphism 

Tx : Grg°"^ ^ Grg 



Grg°™(i2) 
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sending {y,£,£' , f3, f3') to (y, £",/?). This morphism makes Grg°™ a fibration (etale 
locally trivial) over Grg with fibers isomorphic to J^i^ . In addition, there is a section 

z : Gig ^ Grg°'^'' 

given by sending {y,£,(3) to {y,£,£, (3,id). Therefore, via z (resp. mz), Gig is 
realized as closed subschemes of Grg°"'' (resp. Grg^). We refer to [G] for the 
detailed discussions of the above facts. 



Let w € be an element in the extended affine Weyl group and let Ti^ 

denotes the corresponding Schubert variety in Ti^ . Then Gr^ x Ti^ C Gth x Ti^ 
extends to a variety 



Grg.^l^ X Til C (Grg xc (5) x ^ Grf^ xcC^ Grg°"^ xc C. 

Let Grg^^„, denote the flat closure of it in Gig^ xc C, and Grg*^^ denote the flat 

closure of it in Grg°"^ xcC. Then G?g°™ maps to Gig ^ via m. In addition, we 
have 

Lemma 6.4. Gr^'^^ is a fibration (via it) over Grg^^ with fibers isomorphic to 

Proof. Let us give another construction of Gr^""''. There is a L+^Og-torsor Grg^o 
over Grg whose ii-points classify 



(6.2.5) Grg,o(i?) = < (y,^,/3,7) 



{y,£,/3) G Grg{R), and a trivialization 
^ ■ s\ = £^\ 

' ' i{0}xSpcc_R '{0}xSpcc_R 



where {0} x Speci? is the completion of Cn along {0} x Speci?, either regarded as 
a formal scheme or the spectrum of its coordinate ring. Then 

Grg°™ ^ Grg,o x^^^^o Ti^ . 
From this construction of Grg°™, it is clear that 

^q71 = G?S,M XGrs Grg.o x^^^^o Ti^. 

□ 

Proposition 6.5. Let v € X,(r) be a sufficiently dominant coweight. Then the 
variety Gvg^^ ,^ is normal, with the fiber (Grg^^ j,)g over G C being reduced. 

Proof. The key observation is 

Lemma 6.6. If v is sufficiently large. Then the fiber {Gig ^ j^)q is irreducible and 
generically reduced. 

Assuming the lemma, then the proposition follows from Hironaka's lemma (cf. 
EGA IV. 5. 12. 8). Namely, let V denote the underlying reduced subscheme of (Gr^^^ ^,)q. 
Then is a Schubert variety of Ti^ , which is normal by Theorem 12.31 Therefore, 
the proposition follows. 

So it remains to prove the lemma. Let us first prove that (Gr^^^ ;^)q is irreducible. 
Clearly, Gr^^^^ maps surjectively onto Grg^^,^. Therefore, (Grg'^™)Q dominates 
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(Grgj^,^)Q. We know that (Grg^^™)g is a fibration over (Grg^^)Q, with fibers iso- 
morphic to J-£^ . Therefore by Theorem 13.9^ the underlying reduced subschemes of 
irreducible components of (Grg^^)Q are just 

TilxTll, AG A. 

Here and after we use the following notation: let 5i, ^2 are two subschemes of J^i^ 
and assume that 5*2 is L^Qay stable, then we denote 

(6.2.6) S1XS2 := Sl x^^^-y S2, 

where 5i is the preimage of Si under LQp^ — >■ Ti"^ . 

Therefore, the underlying reduced subscheme of each irreducible component of 

is contained in one of m{T£\ xj^i^), X G A. Observe that when A G A is not 
dominant, we have £(t^+A) < ^itu) + ^(^a) = ^itu) + £{tfi) for u large enough by 
Lemma l2.1i However, by the flatness, all the irreducible components of (Grg^^)Q 
have dimension (.{t^) +i{ty). This implies that (Grg^^ j^)Q has only one irreducible 
component, whose underlying reduced subscheme is m{Fi^xFl^) = Fl^j^^j. 

Next, we prove that {Gvg^^^^^)^ is generically reduced. In ^5.21 we will construct 
the affine chart Cfj, : 11^ C Grg^^ satisfying: 

(1) s,iC) CU^; ^ 

(2) is an affine space over C and therefore smooth over C; 

(3) (f//i)o = C{fi) C is the Schubert cell containing t^, i.e. the 5-orbit 
containing t^. 

Let us restrict Grg'^^ over U^. Then clearly, the fiber over 6 of this family is 
{Ufj)QxF£y and therefore is irreducible and reduced. Let ^ be the generic point of 
{U^)qXFIjj. By the above argument, r/ = m(^) is the generic point of {GYg^^,^)^. 
Let A denote the local ring of Gr^^^ ^^ at r/ and B denote the local ring of Gr^^^^ 
at ^. Both are discrete valuation rings, flat over C, and there is an injective map 
A ^ B which is an isomorphism over C . Since Gr^^^ is proper over C, we obtain 
a morphism SpecA — t- Gr^*^^ which must factors through Spec^ — > Speci?. That 

is, A — )• is split injective. Therefore A/uA C B/uB is a subfield. That is Grg^^ 
is generically reduced. □ 
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In fact, we proved that the fiber (Grg^^ j^)q is isomorphic to T£^_^_^. 
If 1/ G X,(rsc)r C X,(r)r so that u G W^s, then 2;(Grg;,^) C Grg'^^'^ (resp. 
mz(Grg^^) C GtqI^,^) is naturally a closed subscheme. 

Theorem 6.7. Assume that v G X,(Tsc) is a coweight dominant enough so that the 
above proposition holds. Then Gig^^ ,^ is Frobenius split, compatibly with Grg^^ and 

(Grg^^ j,)o. 

Corollary 6.8. Theorem \3.10\ holds. That is, the scheme (Grg^^)Q is reduced. 
Proof. This is because that 

(Grg,^)o = Grg;^^ fl (Gr^^^ j,)q, 
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and therefore is Frobenius spht. In particular, it is reduced. □ 

The remaining goal of this subsection is to reduce Theorem 16.71 to Theorem 16.101 
via Proposition 16.91 Theorem 16.101 itself will be proven in later subsections. First, 
by standard argument it is enough to prove the theorem for the case Qoo — Qc is 
the Iwahori group scheme. Therefore, from now on we assume that it is the case 
and write B = L^Qc- 

Since Gig^^^^ is normal, we just need to find an open subscheme of C/ C Gig^^ ,^, 
whose complement has codimension at least two, such that U is Frobenius split, 



compatibly with U n (Gr^^^ ;^)q and U n Grg^^. Therefore, we can throw away some 



bad loci of Grg^^ which is hard to control. In particular, we can throw away 

(Grg^^)Q c Grg^^ C Gr^^^^^ which is of our main interests! 
More precisely, we have 

Proposition 6.9. There is some open subscheme U ofGiCg"^^, such that 

(1) m : Grg^^"^ — )• Gr^^^ maps U isomorphically onto an open subscheme m{U) 
ofGvg^^ iy, and the complement of p{U) in Gig^^ i^ has codimension two; 

(2) U is Frobenius split, compatible with U H (Grg'^^)Q and U (1 z{Gvg^^). 

It is clear that Theorem 16.71 will follow from this proposition. 

Proof. Let us first construct this open subscheme U. Recall that we constructed 
the section Sfj_ : C Gig and Grg^^ is minimal irreducible closed subvariety of 
Grg that is invariant under C+Q and contains s^{C). Let Grg^^ denote the C+Q- 
orbit through s^. Then Grg^^ is an open subscheme of Grg^^, which is smooth over 
C. In fact it is clear that Grg^^ is open in Grg^^ since the latter is the closure of 
the former. Therefore Grg^^ is flat over C. Observe that under the isomorphism 

Grg xcC^ GiH X C, 

GrgJ^ ^ Gr^ x 6, 

where Gr^ denote the H-oihit in Gth through t^, which is smooth. On the 
other hand (Grg^^)^ = (C/^)q is the Schubert cell C{n) in Ti containing fi, which is 
irreducible and smooth. Therefore, Grg^^ is smooth over C. 

Let Ui be the preimage of Gig^^ under tt : Gvg^^l — > Grg^^. Then C/i is a flbration 
over Grg^^ with fibers J^iu- As a scheme over C, the fiber of Ui over is 

We define U to be the open subscheme of Ui which coincides with Ui over C, and 
which is given by 

C{fi)xC{u) C C{^i)xFly 

over 0. 

We claim that m : U ^ m{U) is an isomorphism and the complement of m{U) in 
Grg^^ has codimension two. Over C, m is an isomorphism. Over 0, the morphism 

is the same as 

m : C{ii)xC{u) Tif^+u- 
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It is well-known from the theory of Bott-Samelson-Demazure-Hasen (BSDH) reso- 
lution that m induces an isomorphism from C{^)y.C{v) onto C{ii + v). Therefore, 
we have m : U ^ m{U) is a homeomorphism. Again, from the theory of BSDH 
resolution, we know that m~^m{U) = U. Therefore, m : U ^ m{U) is a proper, 
birational homeomorphism with m{U) normal, which must be an isomorphism. No- 
tably, (Grg^^)Q C Grg^^ C Gr^ ' ''^ is not contained in m{U)l 

To see that the complement of m{U) has codimension two, first observe that over 

(5, _ _ „ 

Grf,2,J^ - miU)\^ = (Gr, - Gr^) x Ti, x C, 
which has codimension two, since Gr^ — Gr^ has codimension two in Gr^. Over 0, 

(Grg,^, Jo - ™(f^)o = -^V- - C{fi + y), 
which has codimension at least one. This proves that the complement of m{U) in 
Gvg ^ has codimension two. 

Next we turn to the second part of the proposition. Recall that Ui is the preimage 
of Grg_^ under vr : Gr^*^^ — Grg^^. From the construction of U, we know that 

U C Ui C Gvg°^J,. Therefore, it is enough to show that the same statement of 
Proposition 16.91 (2) holds for Ui. Recall that 

C/l ^ (Grg,^ XGre Grg,o)x^-F4, 

where Grg^o is the i?-torsor over Grg as constructed in the proof of Lemma |6.4[ To 
simplify the notation, it is natural to denote 

Grg^f^xV := Grg,^ xcrg Grg^o) V 

for any i?-variety V. Now, let * € J-iu be the base point (recall that i' G X*(Tsc), so 
that *, the Schubert variety corresponding to the identity element in the affine Weyl 
group, is contained in J^l^). Then the closed embedding z : Grg^^ — >■ C^i corresponds 
to 

Grg_^x* Gig^^xTl^. 
Now the assertion follows from the following more general statement. □ 

Theorem 6.10. For any w € W, there is Qj FTohcTiiiLs splitting of Gr^^^x^£^j 
compatible with 

{Grg,,,xTen,)f^ ^ (Grg,^)ox7-C = C{is)xTe^. 

In addition, for any v < w in W , Grg^^xJ^i^ C Grg^^jXj^^^ is also compatible with 
this splitting. 

To remaining goal of this section is to prove this theorem. 

6.3. Special parahorics. Let be the group scheme over C such that is a 
special parahoric group scheme of G. In this case, we can easily deduce Theorem 
I3.1UI (assuming Theorem 13. 9|) directly from the Hironaka's lemma (without going 
into the argument presented in the previous subsection). This will in turn help us 
prove a special case of Theorem 16.101 namely, the case when w = 1 (see Corollary 
I6.18p . Let us remark that if G is split. Proposition 16.171 is trivial and those who 
are only interested in split groups can go to the paragraph after this proposition 
directly. 

So let V G A{G,S) be a special point in the apartment associated to {G,S), and 
let be the corresponding special parahoric group scheme over O. Let Ti^ = 
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LG/L^Qv be the partial affine flag variety. To emphasize that it is the affine flag 
variety associated to a special parahoric, we sometimes also denote it by J-i'^. As 
before, for each /i G X,(T)r, let us use to denote its lifting to T{F) under the 
Kottwitz homomorphism T{F) X,(T)r. It gives a point in J^i'^, still denoted by 
tfj,. Then the Schubert variety J^£^^ is the closure of the L+^^-orbit in J^iy passing 
through tfj^. We have the following results special for Schubert varieties in Ti"^, which 
generalizes the corresponding results for Gth (see also |Rij). 



Lemma 6.11. The Schubert varieties are parameterized by X,(T)p. For fj, € 
X,(r)p, the dimension of Fi^^ is {fi,2p). Let F£^ C J-"^^ be the unique open L^Qy- 
orbit in Fi^,. Then Fi^, — Fi,, has codimension at least two. 

Proof. Observe that the natural map X,(T)jt C X,(T)r — > Wo\H^/PVo is a bijection. 
The first claim follows. Let B C L'^Qv be an Iwahori subgroup of LG. Then the 
-B-orbits in F^'^ are parameterized by minimal length representatives in W /Wq. Let 
A G A = Wofi C X,(T)r. By Lemma [2.H if w G is a minimal length representative 
for the coset tA^^O) then 

dim BwL+gy/L+gy < {n,2p) 

and if A G X,(T)p, the equality holds. Therefore, diuiFl^^ = ()U,2p). To prove the 
last claim, observe that if F£\ C F£^^, then ^ — A G X,(Tsc)r and therefore {fi — X, 2p) 
is an even integer. □ 

Recall that in [BDl §4.6], Beilinson and Drinfeld proved that Gr^ is Gorenstein, 
i.e., the dualizing sheaf uJq^ is indeed a line bundle. It is natural to ask whether the 
same results hold for F£^^. However, the situation is more complicated in the ramified 
case dual to the fact that not all special points in the building of G are conjugate 
under Gad{F). More precisely, if Gder — SU2n+i is the odd ramified unitary group 
(see ^for the definition), then there are two types of special parahoric group schemes 
(see Remark 18. II (ii)). 

Let us begin with the following lemma. Let v be any point in the apartment 
A{G, S) and let Qy be the corresponding parahoric group scheme for G. For sim- 
plicity, we write K = L'^Q^. Then K acts on LieG by adjoint representation. Let 
^ G X.(T)r. Let 

P = Kn Adt^K. 
Then LieK and Ad+ LieK are P- modules. 

Lemma 6.12. As P-modules, 

lAeK Adt„LieK , , 

(6.3.1) det— — — — — — ^(det' 



LieK n kdt^ Lie/C ' Lie/C n Ad*^ Lie/C ' 

Proof. Recall that we denote S to be the chosen maximal split F-torus of G. Its 
Neron model S maps naturally to into Qy since v G A{G,S), and L~^S maps to P. 
Clearly, X'(P) C X'(L+5) = X'(5fc) (where Sk is the special fiber of 5). Therefore, 
it is enough to prove (|6.3.ip as S'^-modules. 

In ^5.1.2| in particular Remark 15. II (see also |PR31 9.a,9.b]), we will attach to each 
affine root a of (G, S) a 1-dimensional unipotent subgroup Ua — Ga C LG. They 
can be regarded as the "root subgroups" associated to a in the Kac-Moody setting. 
Let Uq, be the Lie algebra. By definition 

Liei^ = Lie7^'° e 

a{v)>0 
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where T^''^ is the connected Neron model of T. Then clearly, as S'fc-modules (we fix 
an embedding Sk — > L'^S) 

lj\eK ^ ^ Adi^Lie-RT ^ ^ 

Liei^nAdt UeK " ^ Liei^ n Adt LieK " ^ 

a(i))>0,o(i>-At)<0 ^ a(i;)<0,a(D-/i)>0 

By identifying ^(G, S) with X,(5)m using the point v, we can write affine roots of G 
by a = o + m, a € 5"), where a is the vector part of a and m = v{a). Therefore, 
the set 

{a{v) > 0, a{v - /i) < 0} = {a + m\a G ^>(G, 5*)+, <m < {fi, a)} 

and 

{a(f ) < 0, a{v - A) > 0} = {a + m|a G 4>(G, S)~ , {fi, a) < m < 0}. 
Since acts on Ua+m via the weight a, the lemma is clear. □ 

Remark 6.1. If G is split and f is a hyperspecial vertex, under some mild restriction 
of the characteristic of k, one can even show that as P- modules, 

Liei^ . Adt Liei^ 

^ ' ' ' LieKnAdt^LieK ^LieK n Adt^LieK ^ ' 

This is because that there is an invariant non-degenerate symmetric bilinear form 
on LieLG which induces a P-invariant non-degerate bilinear form 

LieK Adt LieiT 
tr y 

LieiC n Adf ^ lAeK hieK n Adt^ LieK 

I do not know whether (j6.3.2p is true if G is ramified and if t; is a special vertex, 
but the argument fails. 

Now we should specify the special vertex. If Gdcr 7^ SU2n+i, we can choose 
arbitrary special vertex in the building of G since they are conjugate under Gad(-P)- 
If Gder = SU2n+i, we choosc the special vertex so that the corresponding parahoric 
group has reductive quotient Sp2„ (see Remark ^8.ip . 

Theorem 6.13. With the choice of the special vertex v as above, the Schubert variety 
J-"£f, is Gorenstein. 

Proof. As above, we denote to be the parahoric group of G corresponding to v 
and K = L'^Qy. We need to show that the dualizing sheaf wj^^s is indeed a line 

° S ^'^ ° S 

bundle. Let Fl^ be the open K-orbit in J-"-^* . Then we have shown that — Tl^ 
has codimension at least two. Let £2c be the pullback to J-i^ of the determinant 
line bundle £det of GrQL(Lieg(,) along i : Fl^ — )■ GrQL(Lieg/_). We first prove that 

Indeed, observe that both sheaves are X-equivariant. The i^-equivariant structure 

—2 ° ^ 

of w . s is induced from the action of K on Fl.,. On the other hand, a central 

extension of LG acts on £20 and a splitting of this central extension over K defines 
a i^-equivariant structure on C2c- To fix this X-equivariant structure uniquely, we 
will require that action of K on the fiber of C2C over * G Fi^ is trivial. Then the 
JT-equivariant structure on £20 is given as follows (for simplicity, we only describe 
it at the level of /c-points, but the generalization to i?-points is clear, for example 
see cf. |FZ| ): recall that for x G J^^*, i{x) is a lattice in LieG and £2c|a; is the A:-line 

£2cU = det(z(x)|Liei^) := det r-— ; — — ^®det(- ^"^ 



LieKni{x) LieK ni{x)' 
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Then foi g £ K , C2c\x ^ ^2c\gx is given by 

det(5r) : det(i(x)|Liei^) = det(i(ga;)|c/Liei^) = det{i{gx)\UeK). 

Now it is enough to prove that there is an isomorphism /22c 1 — u}~'^s as 1- 

dimensional representations of P = tfj_Kt~^ n K, the stabihzer of S J-£^ in K. 
Clearly, 

-2 / T LieK 2 

as P- modules. On the other hand, it follows from the construction of the determinant 
line bundle that 

^ , , Liei^ , , Adt^LieK , ^ 

C^^L^det—— — — — ^(det- 



Liei^ n Adt^ LieK LieiC n Ad*^ Liei^ 

as P- modules. Therefore, the assertion follows from Lemma 16.121 

Next, we prove that there is a line bundle Cc on {T£^)red such that £^ — '^Sc- In- 
deed, for any g £ G{F) acting on Ti'^ by left translation, we have g*C2c — ^2c- 
Therefore, it is enough to construct Cc in the neutral connected component of 
{J^i^)red, which is isomorphic to Ti^c^ corresponding affine flag variety for Gder 
by |PR31 §6]. Since u is a special vertex, Pic{T£l^) — ^^{^i)^ where i G S is a special 
vertex in the local Dynkin diagram of G corresponding to v. By checking the Kac's 
book |Kacl §4, §6]Under our choice of v, a( = 1, (for SU2n+i, there is another spe- 
cial vertex i' G S such that = 2, and the reductive quotient of the corresponding 
parahoric group is S02n+i; see the following remark and Remark 18. ip . Therefore, 
the central charge of C{ei) is 1, whereas the central charge of £2c is 2hy by Lemma 
[2Xn Therefore, Cc = Cih^ei)- 

Now since the Picard group of has no-torsion, we must have uj~^a = Cc\ff , 

which in turn implies that (^j^^s — Cc- □ 

Observe the above proof implies that no matter what special vertex we choose, 
w^^s is always a line bundle. The following corollary is what we need in the sequel. 

Corollary 6.14. For any special vertex v of G, H^{J-£'Jj^,uj^^s) = for all n <0. 

Remark 6.2. In the case Gder = SU2n+i, if we take the special vertex to be vq, the one 
defined by the pinning (j2.1.ip so that Q^^ is of the form (j2.1.2p , then the reductive 
quotient is S02ra+i and the corresponding = 2. Since the dual Coxeter number 
of SL2n+i is 2n + 1, this means that on the partial flag variety corresponding to 
this special vertex, C2c does NOT have a square root. Let B = L^Qc be the Iwahori 
group of Gder corresponding to the chosen alcove, i € S given by vq. Let = Pi/B 
be the rational line in J-£sc = LG^f^y-/ B as constructed in ^2.2[ It projects to a 
rational curve in T£^ under LGder/L^Sc LG^er/ L~^0vo (an explicit description 
of this rational line is given in (IS.O.ip ). Then the restriction of C2c to this rational 
line has degree 2n + 1. Since this rational is contained in any Schubert variety J-"^^, 
this means that w^L is NOT a line bundle, i.e. J^^f, is not Gorenstein. 

Now we turn to the global Schubert varieties. Let Q'^ = {{ResQ^Q{H x C))^)^ be 
the Bruhat-Tits group scheme over G as constructed in ^3.2[ Therefore Qq^ = Q^^ 
is the special parahoric group scheme for Qfq as in ()2.1.2p . 

Proposition 6.15. Assume Theorem \3.S\ . Then Theorem \3.10\ holds for . 
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Proof. By Theorem 13.91 the support of (Grgs^^)g is a single Schubert variety. This 
is because, when Q^^ = is a special parahoric group scheme, = Wq and 
Wo\Adm^(A) /Wo consists of only one extremal element in the Bruhat order, namely 
tn under the projection Adm^(;^) — >■ VFo\Adm^(//)/VFo. This proves that the special 
fiber of Grgs^^ is irreducible. On the other hand, we have the affine chart (see 
i j5.2p of Grgs^^ and {U^)q is open in {Grgs^^)^. Therefore, the special fiber of Gigs^^ 
is generically reduced. By Hironaka's lemma again, Grgs^^ is normal over C, with 
special fiber reduced, indeed isomorphic to J^^^. □ 

Corollary 6.16. The global Schubert variety Gicgs^^ is normal and Cohen- Macaulay. 

Proof. The normality follows from the Hironaka's lemma. Since J-'f^ is Cohen- 
Macaulay, the assertion follows. □ 

We refer to ^9.21 for a brief discussion of the Frobenius splitting. 

Proposition 6.17. The variety Grgs^^ is Frobenius split, compatible with {Grgs^^)^. 

Proof. For simplicity, let us denote Grgs^^ by X. Then / : X — )• C is flat which is 
fiberwise normal and Cohen-Macaulay (since each Xy is a Schubert variety). Let 
^x/c relative dualizing sheaf on X. We know that is a vector bundle 

on C by Corollary 16. 14[ 

By the construction of ^5.31 the sheaf /^w^^^ is Gm-equivariant, and therefore, 
we can choose a Gm-equivariant isomorphism 

(6.3.3) f,u:'-^l - H^iX-^u;'-^) O^. 

Let a G H^{Xq,uj^_^) be a Gm-invariant section which splits Xq (i.e. cr is a splitting 
of the natural map F^^Ox^, when regarded as a morphism from F^,Ox^^ 

via (j9.2.ip ). Such a section always exists, since if r € H^{X^,uj^_^) is any 
splitting section, and decompose t = "^tj according to the Gm-weights, then tq is 
also a splitting section. Let a® 1 be a section of f^u?~f- via the isomorphism (16.3.30 . 
We claim that a ®\, regarded as a morphism {Fxic)*^x — > C'x(p) ^'^^ (|9.2.3p . will 
maps 1 to 1. In fact, (a (8" 1)(1) is a Gm-invariant non-zero function on Grgs^^ since 
its restriction to Xg is non-zero by ()9.2.7p . Since all regular functions on Grgs^^ 
come from C, (cr ® 1)(1) is a Gm-invariant non-zero function on C, which must be 
a constant. But its restriction to Xq is 1, the claim follows. 

Now, let (a ® 1) {^f'^ G ® "^^d^ " f*'^^x^- ^he formula ([9X2]) 

and the commutative diagram (j9.2.6p . the proposition follows. □ 

Let Q be the group scheme with Qo^ = Qc- Let B = L^Qc- Observe that the 

natural projection Gig Gigs induces an isomorphism from Gxg^^ to its image in 

Gigs^^. To see this, observe that Grg^^ is covered by and Grg^^U, both of which 

o 

maps isomorphically to their images in Gvga^^. We thus regard Grg^^ as an open 
subscheme of Grgs^^ under this map. The boundary Grgs^^ — Grg^^ has codimension 
at least two. Therefore, we have proven 

Corollary 6.18. Gig^^ is Frobenius split, compatible with (Grg^^)Q. 
Corollary 6.19. All global functions on Gig^^ come from C . 
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6.4. Proof of Theorem lG.lOl The goal of this subsection is to prove Theorem l6.101 
Without loss of generality, we can assume that w G W^s- Let Si{i € S) be the simple 
reflections (determined by the alcove C). Let us recall that for w = (s^^, Si^, . . . , Sj^) 
being a sequence of simple reflections corresponding to affine simple roots. The Bott- 
Samelson-Demazure-Hasen variety is defined as 

where is the parahoric group corresponding to i (so that Pi/B = F^). This is 
a smooth variety which is iterated fibration by . For any subset {ji , ■ ■ ■ ,jn} C 
{1, . . . , m}, let V = {si^^ , • • • , Sij„) be the subsequence of w, let Hi^,p = 1,2, ... ,m 
be defined as 

rr ^ f B ifp0(jl,...,jn) 

''''' \ P,^ iipe{h,...,jn) 

Then there is a closed embedding ay^w : Dy given by 

(6.4.1) = Pj, Pj, x^ • • • x^ P,JB ^ F,, x^ • • • x^ H,^/B 

^ Pi, x^ P, x^ • • • x^ P^/B = Di,. 
In particular, let denote the subsequence of w obtained by deleting s,^. . Then 

is a divisor. In this way, we obtained m divisors of Dy,. livi,V2 are two subsequences 
of w, then the scheme-theoretical intersection D^-, n D^j^ inside D{{, is Dy,r\v2- 

For w G VFafTi let m = i{w) and let us fix a reduced expression of = Sj^ • • • Sj^ 
and let w = {si,, Si^, ■ ■ ■ , Sj^)- Let D^, be the corresponding BSDH variety so that 
Du, is smooth and vr^j : Dy, J^iw is birational. By twisting by the P-torsor 
Gig^^ xcrg Grg^O) we have Grg^^xDy, Gvg^^xTi.^, still denoted by vr^. 

By the standard argument, to prove Theorem 16. 101 it is enough to prove that: 

Proposition 6.20. Grg^^xZ)^ is Frobenius split, compatible with all Grg^^xDy,yj 
and {Grg^^)QxDu,. 

Let i^D^ be the canonical sheaf of D^j. It is well-known that there is an isomor- 
phism (for example, see [Gol' Proposition 3.19] for the SL„ case, |PR31 proof of 
Proposition 9.6], [Ma^ Ch. 8,18] for the general case) 

m 

(6.4.2) uj-\ - 0{^D.^y^)^ntC{J2e^), 

j=i ies 

where >C(^^gg e^) is the line bundle on Tisc as defined in H2.2\ (Recall that since we 
assume that w G Waff, Tin, C Tisc = {Tifred jPRBi §6]). We need a relative 
version of this isomorphism. 

Let us denote C2c be the line bundle on Fl which is the pullback of C^et along 
— GrQL(Lig5) as before. It is naturally P-equivariant and therefore gives rise to 
a line bundle on Grg^^x J"^ by twisting. We still denote this line bundle by C2c- In 
addition, to simply the notation, let us denote the projection Gig ^^xDyj — )■ Gvg^^ 
hj f : X ^ V . Then by the same proof of (|6.4.2p (i.e. induction on the length of 
w), we have 

m 

(6.4.3) ^ 0(2^Grg,^xZ5^[,]) 7r;t/:2c. 
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Remark 6.3. Observe in the above isomorphism we use ^^x^/v '^^^'^^i' than oOx^v 
The reason is as follows. Clearly, w^^, is i?-equivariant. If G = Gder is simply- 
connected, both lines ^(Z^ieS^*) ^^^^ S-equivariant and 
(|6.4.2p is naturally upgraded to a i?-equivariant isomorphism so by twisting the B- 
torsor Grg^^ XGrg Grg^o we can obtain a relative version of (|6.4.2p whose square gives 
rise to (j6.4.3p . However, if G is not simply-connected, the i?-equivariant structure 
on 0{J2Y=i ^w[j]) or i^{J2ies ^i) exist nor be unique. Therefore the natural 
relative version for ()6.4.2p is (j6.4.3p . 

We will prove later on the following lemma. 

Lemma 6.21. There is a section ctq of C2c whose divisor div(o"o) C Grg^^xTiw 
does not intersect z(Grg^^) = Grg^^x*. 

Let us remark that the line bundle C{J2i£S ^^^V ample on T£w, and therefore 
there exists a section of >C(^^gg e^) that does not pass through *. However, £20 is 
twisted by the i?-torsor Grg^^ ^Grg Grg^Oi and it is not ample. Therefore, some 
detailed analysis of this line bundle is needed. 

Let us first assume this lemma, and let cr be a section of w^^^ whose divisor is of 
the form 

m 

(6.4.4) div(cj) = 2^ Grg,/,xL)^y] + div(7r^3CTo). 

We claim that 

Lemma 6.22. A non-zero scalar multiple of the section cr^a" € ^x/v (''^^^^^^ ^^^^ 
we assume that p > 2), when regarded as a morphism from [Fx/v)*^x — ^ 
(f9X3]) . will send I to I. 

Proof. First by Corollary EUl T {X^p) , O xm) = T{C,0^). Let 

h = a'^{l)eT{X^P\Ox,v)) 

be the function as in the lemma. It is indeed a function coming from C. We claim 
that this function is non-where vanishing. Then it must be a constant function on 
C. To see h is non-where vanishing, let x € Grg^^ be a point, and it is enough to 
show the restriction of h to {Dw)x ■= Gig^^xD^lx — is not zero. This is because 
the restriction of a to Gicg^f^xDwlx gives a divisor of the form 2 XlJLi ^w[j] + D for 

some D which does not passing through *. Therefore, by (a slight variant of) \MR\ 

p-i 

Proposition 8J, a 2 when regarded as a morphism from F^:Od^ to ^^(d^)!, 

via (|9.2.ip . will send 1 to a non-zero constant function on {Du,)x- Therefore, by 

is a non-zero constant. This finishes the proof of the lemma. □ 

Now let r G "^crg ^ section which gives rise to a Frobenius splitting of 

Gig^n, compatible with (Grcj^^)Q by Corollary 16. 18[ Consider (8) /*t € ojy^- By 
(|9.2.6p . it gives a splitting of Grg^^xD^, compatible with (Grg^^)QxL'^. Again, by 
(a slight variant of) [MR , Proposition 8], this splitting is also compatible with all 
Grg^f^xD^yy This finishes the proof of Theorem 16. 1U[ 

It remains to prove Lemma 16.211 Let us consider 
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It is surjective. By twisting the i?-torsor Grg^^ ^Grg Gig^o, we obtain a surjective 
morphism of vector bundles V^, — )• Vi = Ocrg over Gig^^. Clearly, Vw is 7r^,>C2c- 
Then to prove Lemma [6.21l is equivalent to prove that there is a morphism Ocrg ^ — ^ 
Vw (which determines the section uq of C2c) such that the composition Ccrg ^ 
Vi is an isomorphism. 
To this goal, let us first observe that the B-torsor Grg^o C ^ Gig Xc C has 
a canonical section. Namely, we associated an i2-point {y,£,l3) of Grg xc C* an 
i?-point (y, £",/?, 7) of Grg^o Xc C as follows. Since the graph Ty oi y : Specii — > C 
does not intersect with {0} x Speci? C C x Speci?, we can define 

'{0}xSpoc_R ~^ l{0}xSpec_R 

as the restriction of /3 : £'|c^_ry = S^lcn-Ty- By base change, we get a canonical 
section (a canonical trivialization) of the i?-torsor W Xcrg Grg^o ~^ where 

W = Grg^^l^ = Gr^ x C. Therefore, Grg^^xTiwlw = W x Tlw canonically, and 
over W , we have 

Vu,®Ow > ^10 014^ 



Vw\w > Vi\w 

To complete the proof of the lemma, it is enough to show 

(1) the isomorphism Vi®Ow -^Vi\w extends to an isomorphism Vi^OQrg ^ — ^ 
Vi; 

(2) there is a splitting Vi — > V^, (equivalently, a section of -C(2^-ggej) whose 
divisor does not pass through * € Tlw\ such that the induced map 

extends to Vi (g) Ocrg ^ ^ V^, . 

Let us first prove (1). Recall that Grg^^ is covered by W and U^, it is enough to 
prove that Vi (gi Ou^nw — ^ Vilc/^nVF extends to an isomorphism Vi (g) Ofj^ ^i\u^- 
Recall that is an afhne space and therefore the i?-torsor Xcrg Grg^o 
is trivial (since B, or more precisely, every finite dimensional quotient of B has a 
filtration by G^s and Gqs). Choose a trivialization a. Then over n W , the two 
trivializations a and ip differ by an element g G B(Ufj_ fl W). In general, let M be a 
(finite dimensional) S-module given hy p : B ^ GL(M), and let M be the associated 
vector bundle. Then a induces M. = M <Si Ou^ and ip induces Ai\w — M ® Ow-, 
and these two trivializations differ by p{g) € GL(M)(C/^ n W). In our case, the 
-B-module Vi is a trivial module, therefore the claim follows. 

To prove (2), we shall give another construction of /22c- Let us complete the curve 
C = C U {00} ^ and extend g to a group scheme over C as in §3.21 (so that Gooo 
is special). Let Bung be the moduli stack of ^-bundles on C. Let us express as 
the ind-scheme representing {£, f3), where £" is a ^-torsor on C and f3 a trivialization 
of £ away from € (7. Then there is a natural morphism h : Tl Bung. Let ^^^^ 
be the anti-canonical bundle of Bung. Then by definition the pullback of ^^^^ to 
Tl is £2c- Now, consider the following morphisms 

Bung ^ Grg ^ Grg°™ ^ Grf^ H Bung. 

Lemma 6.23. Over GigxTl^ C Grg°™, there is an isomorphism 

C2c = m*h2UJ^l ® TT*hlujBnng- 
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Proof. Since GrgxJ^^^ is proper over Gig, by the see-saw principle, it is enough to 
show that: (i) for each x G Grg, the restrictions of '7i*^2'^Bung ® 7r*^iWBung and 
j0,2c to Tiuj C 7r~^(x) are isomorphic; and (ii) when restricting both line bundles on 

z : Gvg Grg°™, they are isomorphic. 

Indeed, recall that over C, Grg°"''|^ ^ Gr|^|^ ^ Grg|^ x Ti, and over € C{k), 

the morphisms {Gig)o ^ (Grg°™)o ™ (Gr^^)o looks like Fl ^ TMl ^ Ft 
Under these isomorphisms 

^2^Bune Icrf « 1^ " ^I'^Bung Icrg 1^ ^*'^iung ' ^2'^Bung I (GrSO)o " ^*'^Bung • 

Therefore, for all x E Gvg, the restriction of "^*^2'^Bung ® 7i"*^i'^Bung to Fiyj C 
7r~^(x) is isomorphic to J0,2c- The first fact is established. For the second fact, one 
can easily see that when restricting both line bundles on z : Gig Gr^""'', they 
are isomorphic to the trivial bundle. □ 

Another preparation we need for the proof of (2) is 

Lemma 6.24. There exists a section Q G "^Bung (over the neutral connected compo- 
nent o/Bungj, whose associated divisor does not pass through the trivial Q-torsor. 

Proof. Let Bun„ denote the moduli stack of rank n vector bundles on P^. Let us 
review the theta divisor on the stack whose associated line bundle is the determinant 
line bundle vCdet- Recall that Bun„ breaks into connected components labeled by d, 
the degree of the bundle. Also recall that each rank n bundle on can be written 
as ®'i^iO{di). Then the deformation theory shows that if \di — dj\ < 1 for any 
^ < hj ^ n, then the bundle (Bf=iO{di) forms an open substack Bun^'° C Bun^, 
where d = ^ dj, and the complement is (by definition) the theta divisor on the this 
connected component. 

Now let O be the pullback of the theta divisor on along Bung — > BuncL^Ligg). We 
need to show that this divisor does not pass through the trivial ^-torsor. Observe 
that the Lie algebra of the group scheme (Res^^^(i7 x (7))'" is a trivial O^-module 

(indeed, it is V = ([e]*(Liei7(8)0^))'", which is a direct summand of [e]^,(LieH ^)) . 
Since V(— 0) C LicQ C V, in the decomposition Lie^ = ®0{di), we have \di — dj\ < 1 

and the lemma follows. □ 

The pullback of O along h : F£ — >■ Bung gives rise to a section of C2c, whose 
associated divisor does not pass through the base point * G T£w This gives us a 
splitting Fi — >■ 14; which we claim is the desired splitting satisfying (2). 

Indeed, since the S-torsor Grg^o xc C — t- Gig Xc C has a canonical section, 
we can spread out as a section of C2c over Gi g^i^xF£u)\wj still denoted by cj°. 
This corresponds the induces map Vi Ow ^ <8) Oy,. Then to prove (2), it 
is equivalent to show that indeed extends to a section of C2c over the whole 
Gig^^xTiw Otherwise, let n > be the smallest integer such that u^^a^ would 
extend (recall that we use u to denote the global coordinate on C so that u = 
defines the divisor (Grg^^)QXj^^^„ inside Gig^fj^xTl^). Then u^o-^li^Qj-g ^)5xj'C would 
not be zero. Observe that by construction, over Gig^/^xTiwlw^ we have 

Tr*hie ® (7° = m*h*2@, 

as sections in ?^^*^2^Bung Icrg ^xJ'Clw" Then as sections in m* h2C0^l^^g over the 
whole Gig^nXj'iyj, we would have 
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When restricting this equation to (Grg^^)QxJ^£^, the right hand side is zero. How- 
ever, the left have side is not since ^*^i0|(Grg; f,)QX 0- Contradiction! 

7. Proofs II: the nearby cycles 

7.1. Central sheaves: proof of Theorem 13.91 In this subsection, we prove The- 
orem 13.91 As mentioned in the introduction, a direct proof would be to write down 
a moduli problem A^^j over C, which is a closed subscheme of Grg, such that: (i) 
Mf,\^ - G~rgJ^; and (ii) (M^Uk) = U^^Adra^ ^€ik)- Then by LemmaEJl 
Theorem 13.91 would follow. Unfortunately, so far, such a moduli functor is not avail- 
able for general group G and general coweight /i. In certain cases, such a moduli 
problem is available. We refer to jPRS| for a survey of the known results. 

The proof presented here is indirect. The observation is as follows. Let {S, s, rj) be 
a Henselian trait, i.e. S is the spectrum of a discrete valuation ring, s is the closed 
point of S and ij is the generic point of S. Assume that the residue field k{s) of s 
is algebraically closed and let £ be a prime different from char/c(s). For V a variety 
over a field whose characteristic prime to i, the intersection cohomology sheaf is the 
Goresky-Macpherson extension to V of the (shifted) constant sheaf Q£[dimV] on 
the smooth locus of V. 

Lemma 7.1. Let f : V —?■ S be a proper flat morphism. Let IC he the intersection 
cohomology sheaf ofVr^:=Vxsrj and let ^'y(IC) he the nearhy cycle o/IC. Then 
the support o/^'y(IC) is Vg. 

Proof. Let x € ^ be a point in the special fiber Vg and x be a geometric point over 
X. Then by definition ^'v(IC)s = ff*((V(;j))fj,IC|(v'^_j)-), where Vf^^) is the strict 
Henselization of V at x, and {V(x))fj is its fiber over f], a geometric point over rj. Let 
X be a generic point of Vs, then {V(^x))fj is a point and IC|(v^_j)- = Q^fdiml/]. The 
lemma is clear. □ 

Now, let ^ be a prime different from p. Let IC^ be the intersection cohomology 
sheaf of Grg^^|^, then the nearby cycle ^qj^ (IC^) is a perverse on Ti^ whose 

support is (Grg_^)Q. Therefore, to prove the theorem, it is enough to determine the 
support of ^Grg O-^fj.)' i&ct, we will give a filtration of ^'qj^, (IC^) and describe 
the support of each associated graded piece. 

When the group G is split, such a description can be deduced from [ABJ Theorem 
4] directly. We will mostly follow their strategy for the ramified case with the follow- 
ing diff'erence. We will not make use of the results in Appendix to |Be| and therefore 
we will not generalize the full version of \AB\ Theorem 4] to the ramified case (but 
see Remark 17. 2p . In particular, we will not perform any categorical arguments as in 
loc. cit.. 

Let us denote = L'^Q^y, and let ¥ i^y{FI^) denote the category of - 
equivariant perverse sheaves on Ti^ . Recall that this category is defined as the 
direct limit of categories of i^^-equivariant of perverse sheaves supported on the 
ET^-stable finite dimensional subvarieties of J-(^ . 

Lemma 7.2. The sheaf '^q^^ (IC^) naturally helongs to P^y(J-'-£^). 

Proof. Let C^Q be the nth jet group of Q, i.e. the group scheme over G, whose 
i?-points classifying (y, /3) where y € G{R) and /? E Q{Ty^n), where Ty^n is the nth 
nilpotent thickening of Ty. It is clear that C^G is smooth over G and the action of 
C^G on Grg^^ factors through some C^Q Xc" (7 for n sufficiently large. 
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Let m : C:^Q Grg^^ — )• Grg^^ be the multiplication and p be the natural 
projection. Then there is a canonical isomorphism m*IC^ = p*IC^ as sheaves on 
-C-nG Grg./xl^- By taking the nearby cycles, we have a canonical isomorphism 

Since both m and p are smooth morphisms and taking nearby cycle commutes with 
smooth base change, we have 

The compatibility of this isomorphism under further pullback follows from the cor- 
responding compatibility for ?ti*IC^ = p*lC^. The lemma follows. □ 

Definition 7.1. Define Z,, = ^-^^^(10^). 

Let D{Fl^) be the derived category of constructible sheaves on Fl^ and Dj^y 
be the X^-equivariant derived category on M^. Recah that D^y (Tl^) is a monoidal 
category and there is a monoidal action (the "convolution product") of Dj^y{T£) 
on D{T£^). Namely, we have the convolution diagram 

Let J"i G D{Ft'), T2 G Dj^Y{T£y), and let J"iX J2 be the unique sheaf on LG x^^ 
Tl^ such that 

(7.L1) p*{TixT2)^q*{TiMT2). 
Then 

(7.1.2) J^i* J2 ="l!(J"lxJ•2)• 

In general, if T\,T2 are perverse sheaves, it is not necessarily the case that T\ * J-2 
is perverse. However, we have 

Theorem 7.3. (i) Let T he arbitrary perverse sheaf on J^i^ . Then T * is a 
perverse sheaf on Ti^ . 

(ii) If J-" € Djt^Y{J^i^), then there is a canonical isomorphism cjr : J--kZfj_ = Zy^-kT . 

Remark 7.1. (i) In the case when G = -fT is a split group, this theorem is proved 
by Gaitsg ory (cf. [G]B The general case proved below follows his line. Still, we 
take the opportunity to spell out all the details for the following reasons. First, 
the family Grg we used here is in fact different from Gaitsgory's family which has 
no obvious generalization to the ramified groups. On the other hand, this theorem 
for ramified groups will be used in the future to establish the geometrical Satake 
correspondence for ramified groups. Secondly, the usage of the non-constant group 
schemes allows us to simplify the arguments of Gaitsgory's. Namely, we can treat 
(i) and (ii) in Proposition 17.41 below equally. And this argument will be generalized 
to mixed characteristic situation in |PZj . However, in the original arguments of 
Gaitsgory, the proof of (i) of Proposition 17.41 is considerably harder than the proof 
of (ii). 

(ii) To simplify the notation, in the proof we only consider Y = C being an 
alcove. In this case, we denote B = K'~" to be the Iwahori subgroup of LG, and 
denote Fi = J-l^ . However, the proof (with the only change by replacing B by 
and J-i by Fd^) is valid in any parahoric case. 



In fact, Part (ii) of the theorem was proved in ,G__ under the assumption that T is perverse. I 
am not sure whether the argument applies to the case J- being a complex. 
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Proof. Recall the Beilinson-Drinfeld Grassmannian Gig^ as introduced in (j6.2.ip . 

We have 

Grf^ xcC^TlxiGrg xcC). 

For T G D{Te), let 

TMIC^C D{Tix {Gvg xcd)) 
be the sheaf on Gig^ C. Consider the nearby cycle functor ^ q^bd ^^q. 
Proposition 7.4. (i)If T G D(J-'£), there is a canonical isomorphism 

(ii) If J- ^ DB{J~t), then there is a canonical isomorphism 

It is clear that this proposition will imply the theorem. So it remains to prove 
the proposition. 

We first prove (ii). Let Gr^""^ be the convolution Grassmannian as introduced in 
()6.2.2p . which we recall is a fibration over Gig with fibers isomorphic to J-L Regard 

T K IC^ as a sheaf on Grg""^ xc d ^ x {Gig Xc Since taking nearby 
cycles commutes with proper push-forward, it is enough to prove that as sheaves on 
TlxTi^ there is a canonical isomorphism 

where Z^xT \s the twisted product as defined in (j7.1.ip . 

RecaU the 5-torsor Grg,o as defined in (|6X5]) and Grg°"'' ^ Grg,o x-^ Ft. Let 
V C Fl be the support of F, and i?„ = L+^Og (the nth jet group as defined in the 
proof of Lemma 17. 2p be the finite dimensional quotient of B such that the action 
of S on y factors through Bn- Let Grg^o.n be the i?n-torsor over Grg classifies 
{y,£,/3,'y) where {y,£,/3) is in the definition of Grg and 7 is a trivialization of £ 
around the nth infinitesimal neighborhood of G C Then IC^xJ^ is supported on 

{Cxc Grg,o) x^V^iCxc Gre,o,n) x^" F C Grg°"^ XcC. 

Observe that over C, it makes sense to talk about IC^x J" (as defined via ()7.1.ip ). 
which is canonically isomorphic to FM IC^, we thus need to show that 

(7.1.3) ^^^cor^.^^ci^C^xF) - Z^xF. 

Let us denote the pullback of IC^ to Grg^o.n Xc- C by IC^. Since Grg^o.n Grg is 
smooth, ^'crg xcC'(^^^^') canonically isomorphic to the pullback of Z^^, and 



(<jrg,0,nXcC)xV^ ^ / Crg_o, nXcCV -^^ 



is i?„-equivariant. We thus have ()7.1.3p . 

Next we prove (i). There is another convolution affine Grassmannian Gig"™ , 
which represents the functor to associate every /c-algebra R, 
(7.1.4) 

y G C{R),£,£' are two ^-torsors on Cn, 
(y, £, £', l3, 13') 13 : ^|(c-{o})b = ^°l(C-{o})fl is a trivialization, 
and P' : £'\cn-Ty = £\cn-Ty 



Grg°"'''(i?) 
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Clearly, we have m' : Grg""^' ^ Grf^ by sending (y, /3, /?') to {y,£',P' o /3). 
This is a morphism over C, which is an isomorphism over C — {0}, and rriQ again is 
the local convolution diagram 

m : TixFl Ti. 

Again, regard T Kl IC^ as a sheaf on Qt'q^™' |^ ^ J"^ x (Grg xc C), it is enough to 
prove that as sheaves on TixTl, 

Let C^Q be the nth jet group of Q. As mentioned before, Ll^Q is smooth over C 
and the action of L'^Q on Grg_^ factors through some L'^^Q xq C ioi n sufficiently 
large. 

Let us define the £+^-torsor Vn over TlxC as follows. Its i2-points are quadruples 
(y, f ,/3,7), where y € C{R), {£,(3) are as in the definition of Ti (and therefore /3 is 
a trivialization of £ on Cji), and 7 is a trivialization of £ over „, the nth nilpotent 
thickening of the graph Ty of y. Then we have the twisted product 

{Vn xc C) x^"^x^^ c Grg°™' Xc C. 

Over C, we can form the twisted product xIC^ as in (j7.1.ip . which is canonically 
isomorphic to J-'KIIC^. By the same argument as in the proof of (ii) (i.e. by pulling 
back everything toVn x^j Grg^^), we have 

□ 

Our goal to prove that the support of Zf^ is exactly the Schubert varieties in J^i^ 
labeled by the set \ Adui^ (fi) /W^ , which will imply Theorem 13.91 bv Lemma 
17.11 Clearly, it is enough to prove this in the case Qoo is Iwahori. 

Let us recall some standard objects in Pb(^^). Recall that i?-orbits in J^£ are 
labeled by elements w G W. For any w, let jw ■ C{w) Tl^ be the open embedding 
of the Schubert cell to the Schubert variety. This is an affine embedding. Let us 
denote 

3w* = {jw)*Qe[(iw)], jyj\ = {3w)\Qt[i{w)]. 
Then it is well-known that there are canonical isomorphisms 

jw* * Jiij-i! = 3w~^\ jw* = ^e- 

In addition, if £{ww'w") = i{w) + i{w') + £{w"), then the two isomorphisms from 
jw* *jw'* * jw"* (resp. from ju,\ * jw'i * jw"\) to jww'w"* (resp. to jww'w"\) are the 
same. 

Let us recall the following fundamental result due to I.Mirkovic (cf. \AB\ Appen- 
dix]). The proof for ramified groups is exactly the same as for the split groups. In 
fact, the proof works in the general Kac-Moody setting. 

Proposition 7.5. Let w,v G W, then both j^* * jv\ o,nd jw\ * jv* CLre perverse 
sheaves. In addition, both sheaves are supported on the Schubert variety J^iwv and 
jlvUw* -^jv\) = jwvUwl jv*) = Qe[£{wv)]. 
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Fix w € Wq to be an element in the finite Weyl group of G. We are going to 
define the w-Wakimoto sheaves on Ti. Recall the definition of X,(T)p in (j2.1.5p . 
For fi € X,(T)r, we write fi = X — u with X,v £ w(K,{T)^)- Define 

(7.1.6) j;^! =jt,i*ju*, 

which is well-defined up to a canonical isomorphism (by (jT.l.Sp ). By Proposition 
\7M Jja & PsiJ'i) and is supported on with j^^JJ^ ^ Witf^)]- Let us remark 
that for G being split and w = e being the identity element, they are the Wakimoto 
sheaves considered in [AB| . In addition, we have 

(7.1.7) ^;*^a" = >/;+a- 

In fact, by ()7.1.5p and Lemma \2A\ this is true for fi, X for A G w(K,{T)^). The 
extension to all fj,, X is immediate. 

One of the important applications of the Wakimoto sheaves is the following. Let 
T G Ps(J'£). It is called convolution exact if T'-kT is perverse for any T' G Pb(J^^), 
and is called central if in addition J- -k T' = T' -k T . For example, Zp, is central. 
The following proposition generalizes [ABl Proposition 5], where the case t(; = e is 
considered. The proof is basically the same 

Proposition 7.6. Fix w € Wo- Any central object in Pb(-^^) has a filtration whose 
associated graded pieces are Jx,X G X,(T)r. 

Proof. We begin with some general notations and remarks following |AB) . For a 
triangulated category D and a set of objects 5 C Ob{D), let (5) be the set of all 
objects obtained from elements of S by extensions; i.e. (5) is the smallest subset of 
Ob{D) containing S U {0} and such that: 

(1) if ^ ^ 5 and ^ G (5), then B G {S); and 

(2) for ah A,Be (S) and an exact triangle A ^ C ^ B ^ A[l], we have 
C G {S). 

Let G DsiTi)- The *-support of T is defined to be 

W}:= {wGW\j*^T^O}, 
and the !-support of T is the set 

By the induction on the dimension of the support of J-, it is easy to see that if 
T G Db{^^Y'-^ {p stands for the perverse t-structure), then is contained in 
{jv\[n] I V G W},n > 0). On the other hand, if J" G Db{T£)P'^^, then T G {jv*[n] \ 
V G Wjr,n< 0). 

For any T G DsiJ^i), there exists a finite subset Sjr c W, such that 

wL^^, CwSr, w^k,.. , CS^-w. 

Namely, let J^iy be a Schubert variety such that is supported in J^i^ (in both *- 
and !-sense). Then by the proper base change theorem, the above assertions will 
follow if we can show that there exists Sy CW such that 

v'&wSv v'£SvW 

This can be proved easily by induction of the length of v. 

Now we prove the proposition. Let T G FsiJ'^i) be a central object, and let 
Sjr cW he the finite set associated to J- as above. Recall that we have the special 
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vertex vq in the building of G, which determines an isomorphism W = X,(T)r x Wq 
determined by vq. Let /i € w(X,(r)p) such that 

t^S^ C w{X,{T)+)Wo, S^t^ C Wow{X,{T)+). 

This is always possible since Sjr is a finite set. We have JJf = and from JJf -kj^ = 
T -k JJf , we have 

w}^,^ c t^.S'^ n c w{x.(T)+)Wo n t^ow'(x.(r)+) = w{x,{t)+). 

Therefore, J/f * -F G O'tAiN I ^ w(X,(r)+),n > 0). Observe that = jt^\ for 
A e 'u;(X.(T)+). Then by (17X71) . we have 

/■ e (J^M I ^ e x,(r)r,n > o). 

By choosing jj, G X,(r)p ) large enough and using Jj^ = jt^^, for A G X,(T)p ), 
we have 

(7.1.8) T' := 3t,*^T= ^ F e {jt,M \ A G w{-X,(T)+),n > 0). 

We claim that this already implies that J-' has a filtration (in the category of perverse 
sheaves) with associated graded by jt^*,fJ- G w{—X,(T)^), and therefore implies the 
proposition. Indeed, since T' is perverse, for any u G w{—X,{T)^), the !-stalk of 
at ti, has homological degree > —i{ty). On the other hand, (|7.1.8p implies that the 
!-stalk of J-' at ty has homological degree < —£{tu). The claim follows. □ 

To proceed, we would like to some have study of the category of perverse sheaves 
on T£ that are generated by those J]^. 

Lemma 7.7. For A,^ G X.(r)r, RBom{J^,Jp = unless w'^iX) ^ w'^in). 
Furthermore, i?Hom(J^, JJ^) ^ 

Proof. i?Hom(J-, j;) = i?Hom( J-^,, J = i?Hom(ji,^^,, j,^^^,) for G X.(r)r 
such that X+u, ^+1/ G it;(X,(T)p ). It is well-known that the above complex of £-adic 
vector spaces is non-zero only if tx+,^ < t^+i/ in Bruhat order, which is equivalent to 
tu]-^(\+u) ^ which is in turn equivalent to w~^{X + v) ^ w~^{fi + v) by 

Lemma l2.2l which is equivalent to w~^{X) ^ w~^{ii). The second statement follows 
from i?Hom( j;f , Jp ^ i?Hom(J^, J^) ^ Q^ □ 

Lemma 7.8. Let T G DB{J~i)- Then for any fi G X,(T)r, 

In particular, H*{Fl, J/f) = i?('""'(^)'2p)(J-^, J^) ^ Q^. 

Proo/. Observe that for any v , H*{T£,jy^kT) ^ H*{Te,T)[£{v)]. Indeed, let 
C{v) be the Schubert cell in J^i corresponding to v. Then we have m : C{v)xJ^i — )■ 
J-i and jyt: -k T = m^,{Q^(\i[v)]xJ^). Now the lemma follows from the fact that 
C{v)'Kj-i —7- J-l is an affine bundle over T£. Therefore, for /i G u;(— X,(T)p), the 
lemma holds by the above fact and Lemma [2.11 The extension to all ^ is immediate. 

□ 

Let W^{Ttj be the full abelian subcategory oiY'B{^£) generated by those J^, /i G 
X.(r)r. Let W^{T£)^f, be the category of W{T£) generated by J^,w-^{X) >z 
w~^(li). For each object T G W{Ti), we define a filtration 
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where G W"'(J'£)^^ is the maximal subobject of T belonging to W*"(J^^)^^. 
Then by Lemma 17.71 

where ^Wj- is a finite dimensional vector space. A direct consequence of Lemma 
Ellis 

Corollary 7.9. Notations are as above. Then for any T € ^{Tt), we have 

MGX.(T)r 

Finally, let us prove Theorem I3.9i Let ji € X,(T)p. Let Supp(^) denote the 

subset of W consisting of those w such that C (Grg^^)Q. We need to show 
that Supp(^) = Adm(/x). We already know that Adm(^) C Supp(/x) (Lemma 13. Sp . 
By Proposition 17.61 and 17.51 we also know that the maximal elements in Supp(/i) 
(under the Bruhat order) belong to X,(r)r C W . Let t^i G Supp(^) be a maximal 
element. Then there exists some w G Wq such that fi' G u;(X,(r)p ). By Proposition 
17.61 G W^{Tt). Write = \Jx{Z^)yy^ so that the associated graded pieces are 
'"VF^ as above (we write ""W^ instead of ""W^^ for brevity). By Lemma EH 

^Wfi 7^ 0. Also, being a maximal element in Supp(^), t^i must have length (/i, 2p). 
Therefore, {vj''^{fi'),2p) = {fi,2p). On the other hand, is also a maximal 

element in Supp(^) so that ^W^^^^ ^ 0. We claim that p' = w{fj,). Otherwise, we 
would have 

whose dimension would be at least two. 

On the other hand, the map / : Grg^^ — )• C is proper, and therefore H*{Ti, Z^) = 

^'^(/JC^). Since ^ &^ x (7, we have H*{Tl,Z^) ^ IH*(Gi^) where IH* 

denotes the intersection cohomology of Gr^. It is well-known (for example see |MV"j ) 
that /i?('''2/')(&^) ^ Q^. Contradiction! Therefore, p' = w{pL). In other words, all 
the maximal elements on Supp(^) are contained in Adm(^). The theorem is proven. 

Remark 7.2. One should be able to generalize [AB^ Theorem 4] to the ramified 
case, which will imply Theorem 13.91 directly. Namely, W^{J-t) is indeed a monoidal 
abehan subcategory of Pb(7'£) because J]^ ★ J;f = J^^^. Let GtW"{FI) be the 
submonoidal category whose objects are direct sums of JJ^ . Clearly, this category 
is equivalent to Rep(T''"), where T is the dual torus of T defined over Q^, and 
is the Galois fixed subgroup. By taking the associated graded as the filtration of 
jr G W^{Fl) defined before, one obtains a well-defined functor Gr : W^^Ti) — ^ 
GiW^ (Ti). As explained in [AB^ Lemma 16], this is a monoidal functor. 

Since Grg|^ = Gth x C, the nearby cycle functor indeed gives a monoidal functor 

from Z : Fl+h{G^h) ^ W"'(7'£), where Pl+h{Gvh) is the category of L+H- 
equivariant perverse sheaves on Gth, which is well-known to be equivalent to the 
category of representations of the Langlands dual group H. One can use the similar 
argument proved by Gaitsgory in [Bel Appendix] to show that this functor is in fact 
central (see Section 2 of loc. cit. for the definition). Then by the same argument 
as |AB] . one can show that Gx o Z : V i^+niGvii) — )• GrW"'(J-'£) is in fact a tensor 
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functor, which indeed equivalent to the restriction functor from the representations 
of H to the representations of . 

7.2. The monodromy. In this subsection, we determine the monodromy of the 
nearby cycle Z^. This does not play a role for the coherence conjecture. But it is 
an important piece of the theory. We shall prove 

Theorem 7.10. The monodromy on Zfj_ is unipotent. 

In the case when G is split, this is again proved in [G]. However, the argument 
used in [G] used certain numerical results about the center of the affine Hecke algebra 
proved by Bernstein, which has not been written down explicitly in the literature for 
ramified group^. On the other hand, there is another purely geometrical argument 
(see \AB\ Appendix]), which can be applied directly to the non-split case. We record 
them here just for reader's convenience. 

Now let us review the following general situation. Let X be a Gm-variety. Let a : 
Gm xX X he the action map. Then it makes sense to talk about Gm-monodromic 
sheaves (cf. )• definition, a sheaf (or perverse sheaf) on X is called 
monodromic if for every r G Gm(A;), a*T = T, where : X — )• X is ar{x) = a{r, x). 
A complex J^' is called monodromic if all of its cohomology sheaves (or equivalently 
its perverse cohomology) are monodromic. If J-" is a monodromic (perverse) sheaf, 
the it defines an action of the tame fundamental group T = ]^£_^pZ^(l) of Gm on 
(cf. |Vel §5]), called the monodromic action. Let us briefly recall the construction 
of this action. Let /i„ denote the group of nth roots of unit so that T = ^impf„/i„. 
First, we assume that J-" is a monodromic sheaf with finite stalks. For x € X(k), let 
cix ■ — )• X be ax{r) = a{r, x). Then it is easy to see that a*T is locally constant 
on Gm- By the argument of Proposition 3.2 of loc. cit., a%F is tame on Gm- Now 
by constructibility, there exists some positive integer n such that ([n] x id)*a*J^ is 
constant along the fibers of the projection pr : Gm ^ X — )■ X, where [n] : Gm — ^ Gm 
is given by r >->■ r". For r G Gm(^), let s,. : X — )• Gm x X, x i— )■ (r, x) be the section 
of pr. Then for an nth root of unit 

F ^ s\{[n] X id)*m*J- ^ s^^([n] x id)*m*F ^ F 

defines an action of ^„ on F. If F has Z^-coefficients, then one applies the above 
construction to the inverse system F 'LijP^'Li. 

Remark 7.3. In loc. cit., Verdier in fact worked in a more general situation. Namely, 
he defined and studied monodromic sheaves for cones (i.e. Gm-invariant closed 
subschemes in Ay where V is some base scheme). Our notion is a special case of his 
in the following sense. Let j : Gm x X — > x X be the natural open embedding. 
Then if F is a Gm"iiionodromic sheaf in our sense, then jiCL*F is a monodromic sheaf 
on A^ in Verdier's sense. In addition, for any Gm-monodromic (perverse) sheaf F 
on X, under the natural isomorphism End(J-") = End(j!a*J^), the T-actions in the 
above sense is the same as the T-action in Verdier's sense. 

Now assume that / : X — )• A-*^ be a Gm-equivariant morphism, where Gm acts on 
A^ by natural dilatation. Then Y := /~^(0) is naturally a Gm-variety. Let F he a 
Gm-equivariant perverse sheaf on X|g^, the following lemma can be deduced from 
\Ve\ Proposition 7.1]. 



Since the Satake isomorphism for ramified groups has been estabhshed in [IfRo| . maybe this 
can be done as well. 
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Lemma 7.11. The nearby cycle ^ x{^) is a Gm-monodromic sheaf on Y . Let Fq 
he the fractional field of the strict Henselian local ring of at 0. Then the Galois 
action of Gal{FQ / Fq) on ^xiJ~) (in ihe theory of nearby cycles) factors through the 
tame quotient, and it is equal to the opposite monodromic T -action (defined above) 
on ^x{^)- 

Proof. As in loc. cit., one define f^ : Gm x X ^ given by f^{r,x) = rf{x). 
For F a perverse sheaf on X\(q^, let F^ := pr*J^, where pr : Gm x X — > X is the 
projection. In loc. cit., it is proved that j\'^Gmxx{J^'^) 

is G}72"monodroniic, where 

j : Gm X y ^ X y is the open immersion. In addition, (i) the Galois action 
of Gal(i<Q/i<o) on this sheaf (from the nearby cycle construction) factors through 
the tame quotient, and is equal to the opposite monodromic T-action; (ii) under 
si-.Y^GmXY, si{y) = sl^Grr.xx{F^) = ^x{Ff, where P C Gal(FoVFo) 

is the wild inertial group. 

In our situation, we have the action a : Gm x X — )■ X and / is Gm,-equivariant so 
that f^ = f o a. In addition F is Gm-equivariant, F'^ = a*F. Since a is smooth, 
^Gmxx{J^^) — (compatible with the Gal(FQ*/Fo)-action), and therefore, 

^x{r) = sl*G„xx(^^) = *x(-^)^. □ 

To prove the theorem, we apply the above lemma to the case Grg^^ — ?> C thanks 
to §5.31 Then the theorem is a direct consequence of the following lemma. Let us 
endow Fi with the G^-action from the isomorphism Fi = (Grg)Q. 

Lemma 7.12. The object in Vb{FI) are Gm~'^^'^odroTnic. In addition, the mon- 
odromic action is unipotent. 

Proof. By Lemma [5.5| the intersection cohomology sheaf of each Schubert variety is 
Gm-equivariant. The lemma is clear. □ 



8. Appendix I: line bundles on the local models for ramified unitary 

GROUPS 

Since Theorem [T] is not quite identical to the original coherence conjecture given 
by Pappas and Rapoport, we explain here how to apply it to the local models. 
First, if the group G is of type A or C, we find that all the = 1 in this case, and 
the formulation of Theorem [1] coincides with the original conjecture of Pappas and 
Rapoport. Namely, the central charge of Ci^-^y ^i) is W ■ iaci, in these cases, 
it is proven in loc. cit. (using the result of |GoH IGo21 IPR2| ) that the coherence 
conjecture holds for /U being sum of minuscule coweights. In what follows, we mainly 
discuss the ramified unitary groups. Let us also mention that the orthogonal group 
cases can be discussed similarly. But this will be done on another occasion. 

Let us change the notation in the main body of the paper to the following. Let Ofq 
be a completed discrete valuation ring with perfect residue field k with char k ^ 2 
and fractional field Fq. Let ttq be the uniformizer. For example, O = k[\t\\ with 
ttq = t as in the main body of the paper, or O = Zp'', the completion of the maximal 
unramified extension of and ttq = p. 

We will follow |PR4| (see also |PR3| ). Let F/Fq be a quadratic extension. Let 
{V, 4>) be a split hermitian vector space over F of dimension > 4. That is, ^ is a 
vector space over F and ^ is a hermitian form such that there is a basis ei , . . . , 
of V satisfying 

4>{ei,en+i-j) = Sij, i,j = 1, . . . ,n. 
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Let G = GU(y, (/)) be the group of unitary similitudes for iV^cj))^ i.e. for any Fq- 
algebra R, 

G{R) = {g e GIj{V ®Fo R)\(p{gv,gw) = c{g)(j){v,w) for some c{g) € R^}. 

X Gm- The derived group Gder is the ramified special unitary 
group S\J(y,(j)) consisting of those g G G{R) such that det{g) = c{g) = 1. 
We fix a square root vr of vrQ. There are two associated Fo-bihnear forms, 

{v,w) =TiF/Fo{4>{v,w)), {v,w) =TrF/Fo{'^^^4>{v,w)). 

Then ( — , — ) is symmetric bilinear and (— , — ) is alternating. For i = 0, . . . ,n — 1, 
set 

Ai = spanc)^{7r"^ei, . . . , n^^Ci, e^+i, . . . , e^}, 

and complete this into a selfdual periodic lattice chain by setting Aj+fc„ = 7r~'^Aj. 
Then (— , — ) : A_j x Aj Ofq is a perfect pairing. In particular Aq is self-dual for 
the alternating form (—,—). 

Let us fix a minuscule coweight fir,s of Gf of signature (r, s) with r < s,r + s = n. 
That is 

/i,,,(a) = (diag{a(^),lW},a) 

where a^*^ denotes s-copies of a. Let E = F r ^ s and E = Fq \i r = s. Let 
m = [^]. Let / C {0, . . . , m\ be a non-empty subset with the requirement that if n 
is even and m — 1 G I , then m € / as well (see |PR4[ §l.b] or |PR31 Remark 4.2.C] 
for the reason why we make this assumption). 

Let us define the following moduli scheme M^^"^ over Of- A point of J\A^^"° with 
values in an O^j-scheme 5 is given by an Oi? 'S'Ofq Os-submodule C Aj i^Ofq 
for each j € ±7 + nZ satisfying the following conditions: 

(1) as an C'5-module, J-'j is locally on 5 a direct summand of rank n; 

(2) for each j < j' € ±7 + nZ, the natural inclusion 

Aj ^Of^ Os Aj> ®Of,^ Os 

induces a morphism J^j — )• J^ji, and the isomorphism vr : Aj — )• Aj_„ induces 
an isomorphism of J-j with J-j-n] 

(3) under the perfect pairing induced by {—,—) : A_j x Aj ^ Ofq, J^-j = J^j~, 
where Fj~ is the orthogonal complement on Fj; 

(4) the determinant condition as in |PR41 §l.e.l, d)]. 

As explained in loc. cit., for any /, M^^"^®o^E is isomorphic to the Grassmannian 
G(s, n) of s-planes in n-space. In addition, for i I, there is a natural projection 
^naive _^ ^naive ^ -g gygj^ g^^^ ^ _ _ |^| ^j^j mean {m — 1, m}). Now the 

local model Ad^^ is defined as the flat closure of the generic fiber Mf^"^ <Si E inside 

The special fiber M^'^"^ ® k (and therefore Ad^^ (S> k) embeds into the (partial) 
affine flag variety of the unitary group over k([t)). Namely, let {V',(j)') be a split 
hermitian space over A;((n)) (n^ = t) with a standard basis ei,...,en, such that 
4>'{ei,en+i-j) = Sij. Let \j,j € {0, 1, . . . , n — 1} be the standard lattices in V' 
defined similarly to Aj (replacing vr by u and Of by k[[u]] in the definition of Aj). 
For / C {0, . . . , m} as before, write I = iq < ii < • ■ ■ < ik and let Pj be the group 
scheme over k[[t]] which is the stabilizer of the lattice chain 

C • • • C Ajj^ C u'^Xig 
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in G\J{V' , (j)'). As explained in loc. cit., this is not always a connected group scheme 
over k[[t]]. But if it is, then it is a parahoric group scheme of G\J(y' ,<j)'). In any 
case, the neutral connected component Pf of Pj is a parahoric group scheme. 

Consider the ind-scheme J-j which to a A;-algebra R associates the set of sequences 
of -R[[M]]-lattice chains 

C • • • C Ljj. C u ^Lig 

in V ^k{{u)) ^{{u)) together with an i?[[t]]-lattice L C R{{t)) satisfying conditions a) 
and b) as in \PR4\ §3.b] (observe that we replace a G R{{t))^ / R[[t]]^ in loc. cit. by 
a lattice L C R{{t)), which seems more natural). Then 

Ti ^ LGV{V',(I)')/L+Pj 

and LG\]{V',(I)')/L+Pf is either isomorphic to LGV {V ',<!)')/ L+ Pj or to the dis- 
joint union of two copies of LGl]{V',(l)')/L~^Pf. In addition, for such /, one can 
canonically associate to it a subset 1" C S (S are the set of vertices in the local 
Dynk in diagram of G\J{V',4> ')) su ch that = LG\J{V' ,(p')/ L+ Pf . Indeed, by 
Remark 10.3] (see also [PRl §1.2.3]), one can identify S with {0, 1, ... , m}, if 
n = 2m + 1, resp. {0, 1, . . . , m — 2, m, m'}, if n = 2m, where m' is a formal symbol 
as defined in jPR31 §4] , to which a lattice of V' 

Am' = Span;j[[„]]{tt^"^ei, . . . , tt ^em-i,em,u Gm+l , em+2 , ■ ■ ■ , e2m} 

is associated. Then y = I in all cases except when n = 2m, {m — l,m} C /, in 
which case Y = (I \ {m — 1}) U {m'}. 

Remark 8.1. (i)Observe that if n = 2m + 1, under our identification of {0, 1, . . . , m} 
with S (the set of vertices of the local Dynkin diagram) , i goes to the label m — i in 
Kac's book ( |Kacl p.p. 55]), and if n = 2m, under the identification of {0, . . . , m — 
2, m, m'} with S, i goes to m — i for i < m — 2 and {m, m'} go to {0, 1}. 

(ii) As pointed out in |PR31 IPR4| . if n = 2m + 1, then P{o} and are the 

special parahoric group schemes, and if n = 2m, then P{m}T P{m'} are the special 
parahoric group schemes. We further point out: (1) let n = 2m + 1. Then (a) P{o} 
is the special parahoric determined by a pinning of GL2n+i x Gm, i-e. the group 
scheme Qyg as in (I2.1.2p . and its reductive quotient is G02m+i; and (b) the special 
parahoric P{m} has reductive quotient GSp2m; but it is not of the form (I2.1.2p . (2) 
Let n = 2m. Then both P{rn}T P{m'} are of the form (I2.1.2p . and their reductive 
quotients are both isomorphic to GSp2m- 

Fix the isomorphisms Aj (^k[[t]] k = Xj^k, compatible with the actions of vr and u, 
by sending ^ e^. Now we embed the special fiber TW"'^'™ (g) k into J-j as follows: 
for every A:-algebra R, 

Tj C (Aj (^k)0kR = (Aj <S> k) 0fc R, 

and let Lj C Aj R\[t\\ be the inverse image of Fj under Aj (8) R\[t\\ — ^ Aj (8) Os- In 
addition, let L = t-^R[[t\] C i?((t)). This gives the embedding 

ii : MT^"" ®k^Ti. 

It is proved in |PR41 Proposition 3.1] that A\fir,s) is contained in M^f^ (S>Oe ^ under 
1^1- 

One of the main theorems in [PR41 Theorem 0.1] (under the assumption of the 
coherence conjecture) is 
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Theorem 8.1. A^{fir,s) = '^Oe ^- Therefore, the special fiber of ^AY'^ is 

reduced and each irreducible component is normal, Cohen- Macaulay and Frobenius- 
split. 

To prove it, one needs to construct a natural line bundle on Ji4^'^"^ and apply the 
coherence conjecture to compare the dimensions of of this line bundle over the 
generic and the special fibers. There are several choices of the natural line bundles. 
One of them will be given in [PZj, after we give a group theoretical description of 
^naive jjg^g^ -^g follow the Originally approach of |PR3t [PR4] to construct another 
line bundle Cj, which is more down to earth. 

First, if / = {j}, we define C^jy over Ai'^^"^ whose value at the Og-point given by 

Tj C Aj ®Oe is det(Jvj)~^. If n = 2m, we also define £{m-i,m} over M.^^^^ ^j. 
whose value at the O^-point of given by Tm^i C Tm is det{Tm-i)~^ (8) det(J>n)~^. 
For general /, the line bundle Cj is defined as the tensor product of those Cyy or 
J^{ni-i,m} along all possible projections TWf '™ ^ TW^^ive _yvjnaivo ^ M'^^'^^^^^y 
The restriction of C^j-y to the generic fiber ^A'^J"^ i^e F = G(s,n) is isomorphic 

to where C^et is the determinant line bundle on G(s,n), which is the positive 
generator of the Picard group of G(s,n). One the other hand, the restriction of 
C{{m — 1, m\) to the generic fiber of A^"^^^ is isomorphic to C^^^. 

Proposition 8.2. Under the canonical isomorphism A\^r,s)° — A^{fir,s), ihe line 
bundle Cj, when restricted to A^{fir,s) is isomorphic to the restriction of Ci^-^y '^(j)* 
to A^{fir,s)° , where 

(1) if n = 2m + 1, then K{j) = 1 for j = 0, 1, . . . , m — 1 and K{m) = 2; 

(2) if n = 2m, then = 1 for j = 0, . . . , m — 2 and K{m) = K,{m') = 2. 

Proof. Let us first introduce a convention. In what follows, when we write Aj, we 
consider it as a A:[[u]]-lattice. If we just remember its A; [[t]] -lattice structure, we 
denote it by Aj7/c[[t]]. 

Clearly, we can assume that / = {j} or when n = 2m we shall also consider 
/ = {m — 1, m}. The latter case will be treated at the end of the proof. So we first 
assume that j ^ m — 1. 

Observe that we have a natural closed embedding of ind-schemes 

LGV{V',cf>')/L+P{^y - ^{,1 ^ GrGL(A,) x Gr^^ 
by just remembering the lattices Lj C Xj '^k([u)) Riiu)) and L C By definition, 

the line bundle on 'S'Oe ^ is the pullback of the determinant line 

bundle on GrGL(Aj) along the above map. 

Let S\J{V',4>') be the special unitary group. As explained in |PR31 §4], Pj = 
Pi n SU(y', (p') is a parahoric group scheme of SU(y', (j)'). By |PR3| §6], we have 

LS\J{V',(l)')/L+P[^y > LGU(y',0')/^+^{i} 



GrsL(A,) > GrGL(A,) 

where the ind-schemes in the left column are identified with the reduced part of 
neutral connected components of the ind-schemes in the right column. Since the 
isomorphism A^{fiT,s)° — A^ {fj.r,s) is obtained from the translation by some g G 
G\J{V' ,(j)'){F), it is enough to prove 

Lemma 8.3. The pullback of C^^ct along LS\J{V' , (j)')/ P^jy — > GrgL(;)^^,) is C{K{j)ej). 
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Proof. Assume that j ^ 0,m, and in the case n = 2m, j / m — 1. Consider the 
rational hne P] C LS\J{V', (f)')/L+P'^.y given by the = Specfc[s]-family of lattices 

Lj^s = u'-^ k[[u]]ei-\ hu'-^ k[[a]]ej-i+u~'^ k[[u\]{ej+sej+i)+k[[u\]ej+i-\ hA;[[u]]e„. 

It is easy to see that the restriction of C^et to this rational line is In fact, by 

the map 

r<j—l r>j 

this rational curve Pj is identified with the Gr(l, 2) classifying lines in the 2-dimensional 
A;- vector space generated by {u~^ej,u~^ej-^.i} and clearly the restriction of the deter- 
minant line bundle of GrgL(;s^ ) is the determinant line bundle on Gr(l, 2). Therefore, 
= 1 if j ^ 0, rn (and j ^ m — 1 if n = 2m). 
If j = 0, consider the rational line Pj C LS\J{V',(p')/L+P^^y given by the A = 
SpecA;[s]-family of lattices 

(8.0.1) L, = k[[u]]ei + ■■■ + k[[u]]en-i + A;[M](e„ + su'^ei). 

By the same reasoning as above, the restriction of C^^t to this rational line is 0{1). 

Therefore, k(0) = 1. 

Now, if n = 2m + 1 and j = m or n = 2m and j = m or m/ , we will prove 
that 2 I Assuming this, to prove the lemma it is enough to find some rational 

line P] C LSU{V',(f)')/L+P^.y such that the restriction of £det to it is 0(2). If 

n = 2m + 1, we can take the rational line P^ given by the A^ = SpecA;[s]-family of 
lattices 

Ls = u^^klluWei H \- u'~^k[[u]]ejn-i + 

u ^k[[u]]{em + scm+i - —em+2) + fc[M]em+i H h fc[M]e„. 

To see that £det restricts to 0(2), consider the map 

r<m— 1 rym 

which gives rise to embeddings, P^ C Gr(l,3) C GrgL(;^^). Here Gr(l,3) classifies 
lines in the 3-dimensional /^-vector space generated by {u~^ejn,u~^em+i-,u~^ejn+2}- 
Clearly, the puUback of C^d along Gr(l,3) — > GrgL(-;^^-) is the determinant line 
bundle and the embedding P^ — > Gr(l,3) is quadratic, the claim follows. 

If n = 2m and j = m {j = m' case is the same), we can take the rational line Pj„ 
given by the A^ = SpecA;[s]-family of lattices 

Ls = u~^k[[u\]ei H h u~^k[[u]]em-2 + k[[u]]{em-i + sCm+i) 

+ u~'^k[[u]]{em - sem+2) + k[[u]]em+i H h A;[[n]]en. 

To see that >C(jet restricts to 0{2), consider the map 

Ls Ls/{ X u-^k[[u]]er + Yl f^l-M^r), 

r<m—2 r>m—l 

which gives rise to embeddings, P^ C Gr(2, 4) C GrsL(Am)- Here Gr(2,4) classifies 
planes in the 4-dimensional k vector space generated by {u~^em^i, . . . , e„l-^-2} ■ 
The restriction of Cdet to Gr(2,4) is the determinant line bundle, and therefore it is 
enough to see that the restriction of the determinant line bundle on Gr(2, 4) along 
P;!„ Gr(2,4) is 0{2). We use the determinant line bundle on Gr(2, 4) to embed 
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Gr(2, 4) into P(V^), where V is generated by {{u^^eiAu'^ej \ m—1 <i<j< m+2}, 
then the composition SpecA;[s] C Gr(2,4) P(y) \ {u^^Cm-i A u^^em} is 

given by 

s i-> su~^em-i A u~^ern+2 + su'^em A u~'^ern+i - s'^u~^em+i A n"-^em+2. 

The claim is clear from this description. 

So it remains to prove 2 | K{j) for n = 2m + 1, j = m, or n = 2m, j = m or m'. 
Recall that when regarding V' as a vector space over k{{t)), it has a split symmetric 
bilinear form 

{v,w) = Trfc((„))/p))((?i'(w,u;)). 
Observe that when n = 2m + l,j = m, or n = 2m, j = m or m' , Xj/k[[t]] is a 
Lagrangian, i.e. Xj C Aj and dimfc(Aj /Xj) = or 1, where 

a/ = {veV' \ {v,Xj) C O}. 

Let Lag(y') C GrsL(Aj/fe[[t]]) denote the subspace of Lagrangian lattices in V' . Then 
the morphism 

LS\J{V',cl)')/L+P[^y ^ GrsL(A,) ^ GrsL(A,/MM]) 

factors through 

LSViV',<P')/L+P[.^ ^ Lag(y') ^ GrsL(A,/MM])- 

It is by definition that the pullback of ^det along GrsL(;,^.) Gr^LiXj /k[[t]]) is ^det, 
and it is well-known (for example, see \BD\ §4]) that the pullback of Cdet along 
Lag{V') — )• GrsL(Aj/fc[[t]]) admits a square root (the Pffafian line bundle). The lemma 
follows. □ 

To deal with the case n = 2m and / = {m — 1, m}, observe there is a map 

LGU{V',<t>')/L+Pi ^ GrGL(A™) x GrGL(A„0 

by sending Lm-i C Lm to Lm,gLm, where g is the unitary transform em i-^ 
6^+1,6^+1 Cm and ej i-^ for i 7^ m, m + 1. One observes that iJCj on 
^naive (^^^ k is the is pullback along the above map of the tensor product of the 
determinant line bundles (on each factor). □ 

Finally, let us see why this proposition can be used to deduce Theorem 0.1 of 
|PR4] . First let be the Kac labeling as in \Ka.c\ §6.1]. Using Remark [8T] (i), by 
checking all the cases, we find that a( K{i) = 2. Let Cj be the line bundle on M^f^. 
Then for a 0, 

dimr(7W^°= ®Oe = dimr(M^°^ E,^}). 

By the above proposition and |PR41 Proposition 3.1], the left hand side 

dimr(M°^ 0Oe f^^^l) > dimr(^^(^,,,)°,/:(a^K(i)e,)), 

ieY 

and the central charge of C{aJ2ieY is 

^^00^^(1) = 2aji/. 

The line bundle on right hand side is just the 2ati/-power of the ample generator of 
the Picard group of G{s,n). Then by Theorem [H Theorem 18. II holds. 
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9. Appendix II: Some recollections and proofs 
We collect some algebro-geometrical results needed in the main body of the paper. 

9.1. Deformation to the normal cone. Let C be a smooth curve over an alge- 
braically closed field k. Let X he a scheme faithfully flat and (affine) over C. Let 
X € C{k) be a point and let Xx denote the fiber of X over x. Let Z C X^he a closed 
subscheme. Consider the following functor Xz on the category of flat C-schemes: 
for each V ^ C, 

Xz{V) = {/ G Homc(F, X)\fx:Vx^ factors through^ ^ Z d X^}. 

It is well known that this functor is represented by a scheme (affine) and flat over C, 
usually called the deformation to the normal cone (or called the dilatation of Z on 
X, see |BLR1 §3.2]). Indeed, the construction is easy if X is affine over C. Namely, 
we can assume that C is affine and x is defined by a local parameter t. Assume that 
A be the Oc-algehra defining X over C, and let X C ^ be the ideal defining Z C X. 
Then tAcI and let B = A[j,i € I] C It is easy to see that B is flat over 

Oc and Speeds represents Xz- 

There is a natural morphism Xz — )• X which induces an isomorphism over C — {x} 
and over x it factors as {Xz)x — > ^ — > X^. If X is smooth over C, and Z \s a smooth 
closed subscheme of X^-, then Xz is also smooth over C. Indeed, etale locally on X^, 
the map {Xz)x — ^ Z can be identified with the map from the normal bundle of Z 
inside Xx to Z, which justifies the name of the construction. 

Now let Qi be a connected affine smooth group scheme over the curve C. Let 
X G C{k) and let {Gi)x be the fiber of Qi at x. Let P C {Gi)x be a smooth closed 
subgroup. Let Q2 = {Gi)p- This is indeed a smooth connected affine group scheme 
over C. By restriction to x, we have r : Bungj — )• M(Q2)x and r : Bung^ — > M{Qi)x 
(here we assume that C is a complete curve). 

Proposition 9.1. We have the following Cartesian diagram 

Bung^ M{g2)x ^ BP 

Bung, ^B{gi)x 

Proof. Let Speci? be a noetheriard affine scheme. Let £" be a ^i-torsor on Cr and 
£p be a P-torsor on V together with an isomorphism £p {gi)x — £\{x}xSpecR- 
We need to construct a ^2-torsor £' satisfying obvious conditions. 

As a scheme over C, £ is faithfully flat. Its fiber over x is f |{x'}xSpcc_R- Let Z be 
the closed subscheme of £x given by the closed embedding 

£p C £p {Gl)x = ^|{a:}xSpec_R- 

Then £z is a scheme affine and flat over C, together with a morphism £z ^ £■ 
Therefore, £z is a scheme over Cp. We claim that £z is a ty2-toi'sor over Cp. First, 
£z is faithfully flat over Cp. Indeed, by the local criterion of flatness, it is enough 
to prove that £z\{x}xSpecR is faithfully flat over SpecP. But this is clear, since 
etale locally on £\{x}xSpecRj there is an isomorphism between £z\{x}xSpecR and the 
normal bundle of £p C £p {gi)x- Next, there is an action of ^2 on £z. Indeed, 



'This does not lose any generality since all the stacks are locally of finite presentation. 
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the map Ez G2 ^ £ ^Cr Gi when restricted to the fiber over x, factors 

through Z. Therefore, by the definition of £z, it gives rise to a map 

Finally, it is easy to see that 

£z XCr £z — Sz XCr 02- 

Indeed, the l.h.s represents the scheme {£ Xcr £)zxspccrZ aiid the r.h.s represents 
the scheme {£ xqr 0i)zxspacRP- Then the desired isomorphism follows from 

{£ XCr £)zxsp,crZ - {£ XCr Oi)zxsp,crP- 

□ 

9.2. Frobenius morphisms. Let us review some basic facts about the Frobenius 
morphisms for a variety X over an algebraically closed field of characteristic p > 0. 
First assume that X is smooth and let ux be its canonical sheaf. Then there is the 
following isomorphism 

(9.2.1) D : F,uj]^P ^ nomo^{F,Ox, Ox), 

where F : X ^ X is the absolute Frobenius map of X and lvx is the canonical 
sheaf of X. Let x G X be a closed point and xi,. . . ,Xn be a sequence of regular 
parameters. Then locally around x (i.e. at the completed local ring Ox,x), the above 
isomorphism is given by 

D(x™^ • • • x'^-idxi ■ ■ ■ (ix„)^-P)(xfi ■■■xi") 

(9.2.2) f if p f TTij + + 1 for some i 

= ) (mi+li~p+l)/p ^(m„+e„-p+l)/p 
' ' ' <Jn 

Next, assume that X is normal. It is still make sense to talk about the canonical 

[nl 

sheaf ojx and its any nth power ujx ■ Namely, let j : ^ X be the open 

immersion of its smooth part. Then by definition co^^^ := j^uj^sm- The isomorphism 
(|9.2.1|) still holds in this situation. Observe that there is a natural map (a;|^^^)®" 
uj^^^\n > 0) which is not necessarily an isomorphism. In what follows, we use 

to denote if no confusion will rise. Let us recall that if in addition X is 
Cohen-Macaulay, uix is the dualizing sheaf. 

Next, we consider a flat family f : X ^ V of varieties which is fiberwise normal 
and Cohen-Macaulay. In addition, let us assume that V is smooth, so that the total 
space X is also normal and Cohen-Macaulay. In this case, the relative dualizing sheaf 
uJx/v commutes with base change and is flat over V. We have ujx — f*i^v ^ ^x/v- 
Let X^P^ be the Frobenius twist of X over V, i.e. the pullback of X along the 
absolute Frobenius endomorphism F : V ^ V. Let Fx/v ■ ~^ X^*'^ be the 
relative Frobenius morphism, and let 93 : X^^^ X he the map such that the 
composition ip o Fx/v is the absolute Frobenius morphism F for X. Then 

(9.2.3) : {Fx/v)*uj],Jy = nomo^^^, {{Fx/v)*Ox,Oj,m). 

Here ^^x/v^ ^ ™ absolute case, is the pushout of the nth tensor power of the 
relative canonical sheaf on x^'^^''^"^, the maximal open part of X such that f\xrei,sm. 
is smooth. In addition, we have the follows morphisms 

(9.2.4) rF^ujl'" ^ f*nom{F,Ov, Oy) = nom{ip,OxM , Ox), 
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(9.2.5) F*^^xiy ® f^^^V^ - ^*^^xiv ® ^ F*a;]r^. 

The morphisms (|9.2.ip . (j9.2.3p - (j9.2.5p fit into the following commutative diagram 
(9.2.6) 

(y9,?^om((Fx/y)*C'x,Oxw) ® ^om(v9,0^(rt,Ox) > Uom{F^Ox.Ox) 



Finally, let W be another smooth variety over k and let g : W ^ V he a k- 
morphism (not necessarily flat). By abuse of the notation, we still use g to denote 

the base change maps Xw ^ X and (Xw)^^^ = X^^ X^p\ Then the following 
diagram is commutative. 

g*iFx/v)*uj]^/v g*'Hom{{Fx/v)*Ox,Ox(,)) 
(9.2.7) = 

{Fxw/w)*^][l/w 'Hom{{Fxy^/w)*Oxw^'^x%^^- 

To prove (j9.2.3p . ()9.2.6p and (|9.2.7p . one can first assume that X is smooth over 
V and then the assertions are easy consequences of the relative duality theorem. 
To extend it to the flat family with fiberwise normal and Cohen-Macaulay case is 
immediate. 
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